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CHAPTER 1

Introduction

Control systems are fundamental to making modern technology possible. Indeed, con-
trol systenis touch our lives, both directly and indirectly, many times a day. Control
systems effect our lives directly through: household appliances such as microwave
ovens, modern washers and dryers, and VCR'’s; climate control systems (heating,
cooling, and humidity regulation) in our homes, offices, and automobiles; and mod-
ern transportation systems including buses, airplanes, trains, and automobiles. The
indirect ways that control systems touch our lives include all of the above and many
more, because none of these things could have been manufactured without control
systems. Which brings us to the focus of this dissertation: control of manufacturing
systems and machinery. Specifically, we will be concerned with improving the per-
formance and reliability of machines that repeaf a given task over and over again.
The branch of control theory dedicated to enhancing the performance and reliability
of systems that perform the same action over and over is called “repetitive control
theory”. The class of such systems encompasses much more than just manufacturing
machinery and includes such everyday modern conveniences as computer disk drives.
The specific application we address is an electro-hydraulic material tester, see [56}.

However, the techniques developed have universal applicability.
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1.1 Feedback control systems

A few of the applications of control theory mentioned above perform satisfactorily us-
ing “open loop” control. Open loop control is a control scheme where a “command” is
given to the system and it is simply assumed that the system “obeys” the command.
When the mathematical model of the system is both highly accurate and invariant
under changing operating conditions and precise operation is not required, open loop
control can be effective. An example of such a system is your favorite vending ma-
chine. While there are “feedback controllers” internal to the vending machine, the
external behavior is open loop. That is, the machine does not check whether the pre-
vious purchase has been removed before going ahead and sending out the requested
merchandise. A “feedback controller” is a controller that senses the “output” of the
system and uses this information along with any externally generated command to
determine the appropriate “actuator” input. The actuator is the device by which
the controller exerts influence on the system. Most typically, the actuator is an elec-
tric motor, e.g. the compressor motor that comes on to cool your refrigerator when
the difference between the external command (the desired temperature setting) and
the measured (sensed) output (the temperature inside the refrigerator) exceeds some
fixed limit. Feedback control must be used whenever there is enough uncertainty
about the system that we can’t just turn the controller loose. For instance, in order
for a refrigerator’s temperature to be adequately regulated using open loop control,
the engineer would have to know: the exact temperature of the room in which the

refrigerator would be operating, when and for how long the refrigerator would be



opened, when, and how much, food would be put in, etc. The refrigerator is an
extreme example, where the operating environment is completely unpredictable, but
other factors can cause sufficient uncertainty to require feedback control. There can
be significant uncertainty about the nominal plant model, irrespective of changes in
the operating environment.

Consider modern automobiles and their computer (feedback) controlled ignition
systems. You've probably noticed that there is very little reduction in overall perfor-
mance, with respect to starting and running smoothly, until the electrical components,
such as wires or plugs, are completely worn out. In the “good old days”, when the
ignition systems were essentially open loop, a single bad spark plug would make an
engine run rough. This type of internal change in the system, that happens over rel-
atively long periods of time, is one source of what is known as “model uncertainty”.
There are many sources of model uncertainty, most of which are specific to a given
plant. The fact is, we never have a completely accurate mathematical description of
any plant. That is why we call the mathematical description a model of the plant.
When both the operating environment and the plant model are known with sufficient
accuracy, open loop control can be used. The reason that feedback control is such
a big deal, aside from the greatly improved performance in the face of uncertainties,
is that feedback control can make a system go “unstable”. Where, by unstable, we
mean that some system property will grow without bound, or at least exceed accept-
able limits. The example of feedback resulting in instability that almost everyone

is familiar with is the horrible scream that ensues when a microphone is placed in



front of a loud speaker to which it is connected. This tendency to cause instability
is what makes feedback control so challenging. Furthermore, since one of the main
reasons that we are using feedback control is the presence of significant uncertainty,
we must ensure the robust stability of the feedback control system in the face of these

uncertainties.
1.2 Repetitive control

Repetitive control is a method for obtaining “good” system performance when the
system is subjected to periodic external signals. What we mean by good performance
depends on whether the external signal is a command (reference signal) that we want
the output of the system to follow (track), or a disturbance input (variation in the
operating environment) that we want the output to ignore (reject). The basic diagram
illustrating the standard control problem is shown in Figure 1. The reference signal,
r, is the command we want the output, y, of the plant to track (match) in face of the
disturbance, d. The feedback controller, C, acts on the error signal, e, to produce
the control input, u, to the plant, P, to produce the desired response, i.e. y = r.
Clearly, signals for which the “gain” of the controller, C, is large will tend to have
their effects eliminated from the error signal, e. This is precisely the idea behind
repetitive control, i.e. we want to design controllers that have high gain for periodic
signals with a given period of T' seconds. The basic concept of repetitive control is
illustrated in Figure 2. Assume that the error input, e,, is periodic with period T
Then, the repetitive controller output, u,, is a constantly growing scaled version of

the error input, e,. For purposes of illustration, assume that the periodic error signal,



d
r "_'-_4.5) e, C U, P E(i\,

|

}’y

Figure 1: Basic feedback control problem.

e,(t), is zero for ¢ < 0, and then periodic with period T, e.(t) = e, (t+ T), for t > 0.
Over the first period, 0 < t < T', the controller output, u.(t), is zero. Over the second
period we have u,(t) = e,(t — T) = e,(t), and then over the third period we have
ur(t) = ex(t = T) + u,(t — T) = 2e,(t). Similarly, over the fourth period we have
u.(t) = 3e,(2), and so forth. This behavior can be thought of as being marginally
unstable, where it is only marginally unstable because it only grows without bound in
response to periodic error signals. Clearly, as t — oo, the gain on the periodic signal
goes to infinity. Thus, if this controller could be used in the feedback control system of
Figure 1, the error response to all periodic signals, whether references or disturbances,
would be driven to zero. Unfortunately, as a practical matter, certain modifications
must be made to the repetitive controller of Figure 2 in order for the feedback control
system of Figure 1 to be stable, see Chapter II. Thus, while the repetitive controller
in Figure 2 is ideal with respect to performance, it is pathological with respect to

robust stability, even without taking plant uncertainty into account.
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Figure 2: Basic repetitive control concept.

1.3 H® optimal control

The primary advantage of H® optimal control is that it provides a framework for
quantifying the trade-off between performance (reference tracking and/or disturbance
rejection) and robust stability in the face of plant model uncertainties. This trade-
off is quantified in terms of the frequency response of the feedback control system
from the external inputs, r and d, to the output, y, and the error signal, e. The
two key transfer functions are: the sensitivity function, S, which is the transfer
function (frequency response) from the reference input, r, to the error signal, e, and
the complementary sensitivity function, T := 1 — S, from the reference input, r, to
the output, y. The complementary sensitivity function, T', quantifies robustness with
respect to plant model uncertainties. Thus, we need |S(jw)| small in the frequency
range where we require good performance, and we need |T'(jw)| small in the frequency
range where we have significant plant uncertainty. Clearly this constitutes a trade-
off, due to the relationship, ' := 1 — S, between T and S. Note that the transfer
function from the disturbance input, d, to the error signal, e, is —S. Thus, since
it is the magnitude that characterizes performance, S quantifies good performance

both with respect to reference tracking and disturbance rejection. Typically, we



need good performance at “low” frequencies (the performance region), and we have
significant plant uncertainty at “high” frequencies (the robustness region). There is
always increasing uncertainty in the plant model as frequency increases. Furthermore,
high frequency plant uncertainty always places an upper bound on the achievable
performance.

In a sense the combination of repetitive control and H* optimal control theory is a
perfect marriage. While ideal repetitive control achieves perfect performance with no
robustness, H* optimal control theory quantifies the trade-off between performance
and robustness, In order to more fully understand the relationship between the two
design techniques, we must take a closer look at what it means to have repetitive
performance. The performance of repetitive control systems can be quantified in terms
of the magnitude of the sensitivity function at a particular fundamental frequency,
wp := T/2r, and a number of harmonic frequencies, kwp, where k& comes from a
predetermined set of integers. Specifically, performance is measured by how small the
sensitivity function is at these harmonics. We will refer to the finite frequency region,
from w = 0 to the highest harmonic of interest, as the performance region. The plant
model must be very accurate in this region. Similarly, we will refer to the semi-infinite
frequency region from the point where the plant uncertainty becomes significant to
w = oo as the robustness region. Clearly, the robustness and performance regions
must be disjoint. From the small gain theorem, see e.g. [2, 49), if the system loop
gain is less than one, then the system is stable. Note that the small gain theorem is

satisfied whenever |T'(jw)| is “small”, i.e. |T(jw)| << 1. High frequency robustness



is typically achieved in this way. Indeed, all controllers corresponding to “good”
designs, have a small gain region, where the controller gain is sufficiently small to
ensure that the system loop gain is less than one for all possible plant variations.
Between the performance region and the small gain region, there is a frequency band,
where robust stability must be ensured by other means. The narrower this transition

band becomes, the more difficult it becomes to robustly stabilize the system.
1.4 Sampled-data systems

The world we all live in exists in continuous-time, i.e. there is a continuous flow
from one event to the next, and there is no discrete quantization of moments in
time at which events can occur. This is in stark contrast to what goes on inside
a computer. In computers, things can only occur at discrete instants and time is
measured in integer numbers of discrete steps. Thus, computer computations exist
in a very different world, where everything occurs in discrete-time. Systems whose
operations are carried out in discrete-time are called discrete-time systems. Obvi-
ously, the dynamic behavior of discrete-time systems is fundamentally different from
the dynamic behavior of continuous-time systems. Every physical system that we
may want to control exist in continuous-time, even discrete event systems, such as
vending machines. Thus, whenever we attempt to use computer control we are inter-
facing two very different worlds. There are two interfaces that must be considered:
the interface from the continuous-time world to the discrete-time world, and the in-
terface from the discrete-time world to the continuous-time world. The interface

from the continuous-time world to the discrete-time world is done by sampling the



continuous-time signals, to obtain discrete-time sequences. Just as the clock rate of
the microprocessor defines the relationship of the discrete-time world of the computer
to the continuous-time world in which the computer exists, the sampling rate, f,, used
to approximate a continuous-time signal by a discrete-time sequence, defines the re-
lationship between the continuous-time signal and its discrete-time approximation.
Specifically, the interface from the continuous-time world to the discrete-time world
is done by sampling the continuous-time signal at discrete (or as nearly discrete as
possible) time instants. Typically, the sampling is done at equally spaced time in-
stants one sample period, 7, apart. The interface from the discrete-time world to the
continuous-time world is done via a, typically constant, hold function. The constant
(zero order) hold function simply remains constant at the value of the preceding ele-
ment of the discrete-time sequence for one sample period, 7 := 1/ f,, where f, is the
sampling rate (frequency). Any system composed of a continuous-time part and a
discrete-time part, is a sampled-data system. The importance of sampled-data sys-
tems in today’s world of inexpensive, high speed computers cannot be over stated. In
many cases, by far the most economical and reliable means of implementing control
laws is by means of a computer, resulting in a sampled-data system. Historically, such
systems have been designed considering the above interfaces to be ideal and using a
high enough sampling rate, f,, that the approximation is adequate, see Chapter IL. In
this dissertation we explore the recent trend toward directly considering the design of
controllers for sampled-data systems, i.e. design of discrete-time controllers directly

for continuous-time systems, without making any approximations. Specifically, we



10
apply sampled-data theory to H*® optimal repetitive control design.

1.5 Organization of the Dissertation

In Chapter II we give some mathematical rigor to the terms: “repetitive control”,
“H® optimal control theory”, and “sampled-data systems”. We also define, in general
terms, the problems addressed by this dissertation.

In Chapter III we pose a robust performance repetitive control problem in an H*
optimal formulation. This formulation is shown to lead to a “generalized” repetitive
controller structure, whiéh has implications for “classical” repetitive control design.
We derive an extension to existing infinite dimensional H* optimal control theory,
which solves this formulation of the repetitive control problem. Finally, we present
a numerical example, for an electro-hydraulic material tester, that illustrates the
validity of the theoretical development.

In Chapter IV we consider nominal performance with robust stability H* optimal
repetitive control formulations. The resulting two-block H* optimal control problem
is solved using a specialized version of a considerably more general result on H*
optimal control of single input single output (SISO) systems. The solution of the two-
block H* problem is shown to have two interpretations: one as a direct design of H*
optimal repetitive controllers and another as a sensitivity improvement formulation.
The sensitivity improvement formulation leads to a novel repetitive control structure,
which can be viewed as a cascade repetitive structure. Numerical examples are done
to illustrate the effectiveness of the two-block formulation for practical repetitive

control design.
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In Chapter V we propose a definition for “sampled-data repetitive control” and
formulate a problem satisfying our definition. We derive an extension, to the existing
results on sample-data systems, to a more general class of problems which includes our
formulation of the sampled-data repetitive control problem. We give the solution to
the sampled-data repetitive control problem in terms of the discrete-time equivalent
system.

In Chapter VI we summarize the contributions of the dissertation and discuss
future research directions suggested by the results of this dissertation.

In Appendix A we list the rather extensive mathematical notation required to
rigorously define the research.

In Appendix B we give a detailed (and highly mathematical) derivation and discus-
sion of the main result, Theorem 3.2.1, for the infinite dimensional H* optimization
problem arising from the robust performance formulation of Chapter IIL.

In Appendix C we discuss the issues and difficulties in obtaining exact minimal
state space realizations of transfer function matrices (transfer functions for multi-
input multi-output (MIMO) systems). We give a detailed outline of a proposed
procedure for obtaining exact minimal realizations. We also present the details of the
exact minimal realization required to complete the numerical example in Chapter III.

In Appendix D we give a detailed outline of the proof of our extension of the
discrete-time equivalent system result of Bamieh and Pearson [5] for H*® optimal
sampled-data control. This extension is required to solve the sampled-data repetitive

control formulation of Chapter V.



CHAPTER II

Mathematical Definitions and Problem Statement

In this chapter we give precise mathematical definitions for the three main topics of
this dissertation: repetitive control, H* optimal control theory, and sampled-data
systems. We also give a brief history of these research topics as it relates to the
problems addressed in this dissertation. Using the precise mathematical definitions,

we define, in general terms, the design problems to be addressed.
2.1 Repetitive Control Theory

Repetitive control is used in numerous industrial applications: electro-hydraulic mate-
rials testing [56, 80, 79], computer disk drives [20], motor speed control [51], trajectory
control [66], non-circular machining [99, 98], friction compensation [100], and robotic
manipulators [76]. The advantage of repetitive control is that it allows tracking (or
rejection) of periodic signals with significant harmonic content using gontrollers with
low order rational components. The repetitive controller structure of C in Figure 3
is typical, where the time delay, T, is the period of the external input to be tracked
of rejected. The repetitive part of the controller is the positive feedback loop with
the delay term, e~*T, where we have added a pre-filter, ¢(s), to the ideal case shown

in Figure 1. Stability analysis of this, and other, repetitive controller structures and

12



13

guidelines for the selection of b(s) and ¢(s) can be found in [39, 66, 76, 79, 97]. Let

the repetitive part of the controller Cy(s) be represented by

s)e~*T
R(s) := %-f ie. Ci(s) =1+ b(s)R(s). (2.1)

P(s) -

|
|
! +
O *Tr q(s) 677 bls)
|
|
|

O | C,®)

Figure 3: Typical two degree of freedom repetitive controller.

Remark 2.1.1 For ¢(s) = 1, we have R(jwok) = oo, for all integers k, where the

fundamental frequency, wg := 27 /T.

Thus, if the closed loop system could be stabilized for ¢(s) = 1, we could achieve
perfect tracking and rejection of arbitrary periodic signals. This can be viewed as an

extension of the internal model principle, see [39].

Remark 2.1.2 For ¢(s) = 1, the closed loop system of Figure 3 cannot be stabilized
Jor any real plant, P(3), i.e. for any plant with non-zero response at infinite frequency

(strictly proper plant), see [39].

Thus, the repetitive controller parameter, g(s), quantifies a trade-off between per-
formance and (robust) stability. In terms of the usual measure of performance, the
sensitivity function, we have that |S(jw)| = 0 whenever |C}(jw)| = oo which occurs
whenever |R(jw)| = 00. Now, we can define repetitive performance in terms of the

sensitivity function.
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Definition 2.1.1 (repetitive performance) We say that a controller provides repet-

itive performance, if |S(jwok)| = 0, for all integers k (harmonics) of interest.

Clearly, repetitive performance can be achieved without using repetitive control, at
the cost of using very high order controllers. In particular, the repetitive controller,
R(3), could be replaced with a purely rational (finite dimensional) compensator with
two poles (at *jwok) for each harmonic of interest. This is exactly the trade-off in
using repetitive controllers, a dramatic decrease in the order of the rational compo-
nents, at the cost of introducing the infinite dimensional component, ¢~*7. Similarly,
it would be possible to choose the repetitive controller parameter, ¢(s), to eliminate
repetitive action and choose b(s) to be a high order rational compensator providing

repetitive action.

Definition 2.1.2 (repetitive action) We say that a repetitive controller provides

repetitive action, if q(jwk) = 1, for all of the harmonics of interest.

When using an abstract design process, it is possible to come up with high order,
or even infinite dimensional, ¢(s) satisfying Definition 2.1.2. Thus, we introduce the
following definition for the classical notion of low order rational transfer functions
q(s) that provide repetitive action.

Definition 2.1.3 (classical repetitive action) We say that a repetitive controller

provides classical repetitive action, if q(s) is a low order rational transfer function

that provides repetitive action, i.e. if q(8) is unity-low pass.

Any control system with two distinct controller blocks, such as Ci(s) and Cy(s)

in Figure 3, is a two degree of freedom controller. Obviously, using a two degree of
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freedom controller provides more options with respect to how to approach the design

problem.

Remark 2.1.3 Two degree of freedom controllers, such as the controller shown in
Figure 8, can be used to decouple the design for nominal performance from the design

for robust stability [102, 39].

In repetitive control a slightly different use is made of the two degree of freedom con-
troller formulation. The controller C;(s) is taken to be an initial (robustly) stabilizing
controller, that is also designed to make it relatively easy for the component b(s) of
the controller Cy(s) to approximately invert the stabilized plant over the performance

region. For more on approximate inversion of stabilized plants see Chapter IV.

Remark 2.1.4 [t is quite natural to use a two degree of freedom controller structure
for repetitive control, because the performance is provided primarily via repetitive

action, which also tends to destabilize the system.

Indeed, all repetitive controllers have a two degree of freedom structure. While the
structure shown in Figure 3 is fairly typical, there are many other structures. The
only thing that all repetitive control systems have in common is a two degree of

freedom structure and the inclusion of a repetitive block (2.1).

Remark 2.1.5 Each of the formulations, of the continuous-time repetitive control
problem addressed in this dissertation, leads to a novel repetitive control structure,

with possible implications for classical repetitive control design.
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The only other class of repetitive controllers is discrete-time repetitive controllers.
The main difference of discrete-time repetitive controllers is that the delay term is no
longer infinite dimensional in discrete-time. Since all real systems exist in continuous-
time, it only makes sense to talk about discrete-time repetitive controllers in the con-
text of sampled-data systems. Thus, a detailed discussion of discrete-time repetitive

control is given in Section 2.3, where we discuss sampled-data systems.
2.2 H* Optimal Control Theory

H®> optimal control theory is a norm based optimization method for obtaining control
designs. While no norm based optimization method allows the incorporation of all
design requirements, the H*-norm based method allows most design requirements
and the key trade-off of performance (in terms of tracking or rejection of external
signals) versus robust stability. The reason that H* optimization is so useful is that
it allows the use of all the frequency based design techniques from classical control
theory, see e.g. [35, 53, 64]. Specifically, see [33], the H*®-norm (or simply the

infinity-norm) of a transfer function, F', is defined by
| Flloo := sup{|F(s)] : Re(s) >0} = ess Sgg{lF(jw)l}, (2.2)

where the second equality holds by the maximum modulus theorem. Thus the infinity
norm of a transfer function is just the peak Bode magnitude, or maximum gain of
the system. The connection to the Bode magnitude is precisely what makes the H*
optimal control methodology so useful, by allowing the application of the great wealth

of knowledge about control design using frequency shaping, see {35, 53, 64, 22].



17

The frequency shaping is done through the use of weighting functions, which are
multiplied by certain transfer functions characterizing system properties, prior to
evaluating the norm (or undertaking the norm-based optimization). The two most
commonly used system transfer functions are the sensitivity function, S(s), and the
complementary sensitivity function, T'(s), introduced in Chapter I. The sensitivity
function, §(s), is weighted by the performance weight, Wy(s), and the complemen-
tary sensitivity function, T'(s), is weighted by the robustness weight, Wy(s). The H*
optimal control problem is to minimize the infinity-norm of a weighted transfer func-
tion (or combination of transfer functions) over all stabilizing controllers. A typical
formulation, and the one used in Chapter IV, is the two-block (nominal performance
with robust stability) formulation given by the minimization, over all stabilizing con-

trollers, of the performance measure

= | (wast? + wirp)

o0

. (2.3)

o0

Clearly, wherever a given weighting function is large, the optimization process will
tend to make the corresponding transfer function small. Obviously, we must make
the magnitude of the robustness weight, |W;(jw)|, large where the plant uncertainty
is high, i.e. in the robustness region. Furthermore, we typically make |W(jw)|
small elsewhere so as not to interfere unnecessarily with obtaining other objectives.
Similarly, the magnitude of the performance weight, |Wi(jw)|, is typically chosen to
be large in the performance region and small elsewhere. More precise shaping of the

weights, W, and W, depends on problem specific information.
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From the definition, (2.3), of the two-block problem it is not at all clear how to
find the optimal solution, i.e. it is not clear how to search over all stabilizing con-
trollers. The solution to this difficulty is the Youla parameterization of all stabilizing

controllers, see e.g. [33], in terms of a free parameter, @, in the Hardy space H*.

Definition 2.2.1 The Hardy space, see e.g. [{1, 75, 91], H*® is defined to be the set
of all complez valued functions, H(s), of the complex variable, s = 0 + jw, o,w € R,

that are bounded and analytic in the open right half plane, i.e. for o > 0.

The Youla parameterization is given in terms of any factorization, P = N/D with

N, D € H®, of the plant and any solution of the associated Bezout identity
NX + DY =1, where X,Y € H®. (2.4)

Now, we can give the Youla parameterization of all stabilizing controllers for the
generic one degree of freedom feedback control system of Figure 4:

X +DQ

CzY—NQ

, where Q@ € H®. (2.5)

Remark 2.2.1 All one degree of freedom controllers, regardless of configuration, are

stabilized by all controllers parameterized by (2.5).

A simplified parameterization is possible when the plant is stable (or has been stabi-

lized). Specifically, we canlet N =P, D=1, X =0, and Y = 1, which gives

C= 1—_%-;6, where @ € H*. (2.6)

This simplified parameterization comes into play quite often in repetitive control, due

to the initial stabilization step, see Chapter IV.
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Figure 4: Generic one degree of freedom controller.

Using the Youla parameterization (2.5) we can restate the two-block formulation
in terms of the free parameter, ) € H®. We restate the two-block problem for the

generic configuration, see Figure 4. The optimal performance is given by

Yo := _inf (2.7

QeH*

wiDy | _[ WiDN ]
WoNX |~ | -WaDN

o0

This form is suitable for optimization and has the structure of a model matching prob-
lem, see e.g. [33, 22]. Note that, since the infinity-norm is a supremum (maximum)
operation, the H*® optimal control problem can be viewed as a min/max optimiza-
tion problem. While this min/max property is of interest to mathematicians and has
led to some related control formulations, it is not significant to the specific problems
addressed in this dissertation.

An interesting, but not especially desirable, property of the H* optimal formu-
lation is that the optimal solution results in perfectly “flat” performance, i.e. the
infinity norm is attained at every frequency. The drawback of this property is that it
means that the optimization process “takes everything we say literally”, i.e. every-
thing must be posed in terms of equality constraints even though the actual design

requirements are inequality constraints. Further complicating the situation is the fact
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that, the optimization problem cannot be solved for arbitrary nonlinear weights, e.g.
weights that are identically zero over certain frequency ranges. However, the actual
design requirements are exactly of this form, i.e. we have no performance require-
ment in the robustness region and typically no robustness requirement in some (if
not most) of the performance region. Through intelligent selection and adjustment
of the weighting functions, it is usually possible to get around these difficulties, at
least for relatively simple problems. More general frameworks are needed for com-
plex problems, see e.g. [59]. Another framework for intelligent weight selection for
H*> optimal control comes from p-syntehesis [23, 72}, in the “D-scales” and “D-K
Iteration” techniques. These techniques, in their present form, are only applicable to
finite dimensional problems. This dissertation is concerned with infinite dimensional
(delay system) problems, and we must therefore depend upon intelligent selection and
adjustment of our weighting functions. When we find that a particular portion of one
or our weighting functions is being “taken more literally” than we would like, i.e. is
determining the optimal performance level, when that point is not that important, we
can adjust the shape of the weighting function by using a more complicated (higher

order) weight.

Remark 2.2.2 (controller order) For most optimization methods, including H*,
the order of the “optimal” controller is proportional (typically greater than or equal)
to the sum of the order of the plant and the total order of all weighting functions, for

finite dimensional problems.
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For infinite dimensional problems, the order and complexity of the optimal controller
are generally even greater, see [95] for the SISO (single input single output) case
and Chapter III for the SIMO (single input multi-output, or vector) case. (The
MIMQ (multiple input multiple output) case has been solved only for a restrictive
class of plants and weighting functions, see [70].) Thus, we have to be careful about
increasing the order of our weighting functions, since it will lead to higher order
“optimal” controllers. The combined order of the plant and the lowest order feasible
weights often results in controllers that are too high order. For this reason, reduced
order approximation (model order reduction) is often employed to obtain a more
practical (better) controller from the “optimal” solution, see Chapter IV. When
optimization techniques yield controllers that are too high order, or are otherwise
impractical, the “optimal” solution can still be quite useful if it provides insight into
the characteristics of “good” solutions, see Chapter IIl. To date there has been little
progress with respect to incorporating a penalty on controller order into the “optimal”
design problem. A suitable framework for digital implementations has been posed in
[68] which depends on the ability to find the optimal controller of a given order. The
problem of finding the optimal controller of a given order remains an open research

topic.
2.3 Sampled-data Systems and Control Theory

Today most controllers are implemented on digital computers. Historically, this has
been done either by means of a discrete-time approximation of a controller designed

in continuous-time or by designing a discrete-time controller using a discrete-time
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approximation of the plant, see e.g. [65]. Neither of these methods address inter-
sample behavior. Stability analysis has been addressed in [34, 17], and robustness
is addressed in [82]. Furthermore, these approximation methods require very high
(five to ten times the “bandwidth”) sampling rates in order to achieve reasonable
approximations. Finally, these approximation methods necessarily provide subopti-
mal perfofmance. These problems have given rise to an exciting new area of research
called Sampled-Data Systems.

In sampled-data system design, the fact that the plant exists in continuous-time
while the controller is implemented in discrete time is directly incorporated into the
design process. There are three main approaches to this problem: jump system
methods [90], game theoretic methods (see e.g. [6, 7, 93]), and methods using a
lifting technique (see e.g. {5, 104, 4, 16, 18, 15, 14, 105, 19]). (The lifting technique
is described in detail in Chapter V.) The game theoretic results are a special case
of the jump system results [90]. The problem with the jump system results (and
therefore the game theory results) is that they give solutions that are not practically
implementable (as detailed below). The lifting based methods, on the other hand,
provide a completely general framework for controller designs that can be readily
implemented with existing technology. The lifting technique generates discrete time
representations of continuous-time systems which preserve algebraic operations on
systems, as well as signal and system norms, see e.g. [5, 104, 4]. The main difficulty
is that the states of the lifted systems are function-valued rather than real-valued.

For LTI systems, it has been shown that the resulting state space realization has
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dimension less than or equal to the original system, see [5]. Using this fact, Bamieh
and Pearson [5] show how to construct an “equivalent” finite dimensional system
with a real-valued state space. (A very closely related, but quite different, finite
dimensional discrete-time equivalent system was derived by Kabamba and Hara [46)}.)
The equivalence is in the sense that internal stability and the infinity norm of the

system (H* control problem) are preserved.

2.3.1 Approaches to the sampled-data problem

In its most general form (see Figure 5) the sampled-data problem includes a continuous-
time generalized plant model, G, (which includes any weighting functions), a continuous-
time pre-filter, F', (which is often included in -the plant model}, a sampler, S, (which
is usually assumed to be ideal), a discrete time compensator, and a hold function, H,
that constructs a continuous control signal from the discrete output of the compen-
sator. The weighting functions and design criteria should be posed in continuous time,
since this is the environment in which the real plant exists. The pre-filter is typically
included in the plant model because it is generally part of the sensor that generates
the sampled data and is thus fixed at the control design stage. Furthermore, elab-
orate pre-filters are impractical to the extent that analog control is impractical. In
almost all cases the sampling is assumed to be ideal. Real samplers are not ideal, but
if their time constants are “fast” compared to the sensed signals, the approximation
is good. The integral nature of real samplers is addressed in [67]. The hold function
is typically taken to be fixed. Usually this fixed hold is taken to be the so called

zero-order hold, which generates piecewise constant outputs. Arbitrary time varying



24

hold functions are considered in [90, 89, 6, 7], and arbitrary fixed hold functions are
addressed in [46]. Most D/A (digital to analog) converters, that are commercially
available, are essentially zero-order holds. Any physically realizable hold function
must be essentially fixed, i.e. not time-varying. The only exception to this would
be something of the nature of a digitally programmable ﬁlter, in which case the hold
still must be from a fixed set of time invariant holds. Finally, the sample a,ndc; l;)ld
functions are almost always assumed to be synchronized. While no physical system

has perfectly synchronized sample and hold functions, many systems do operate with

very near synchronization. Asynchronous sampled-data systems are considered in

[103].
N G IF

HJ---{Cl----{5-

Figure 5: General form of the sampled-data problem.

From the above it appears that the most practical approach is to include the pre-
filter in the plant model and assume ideal sampling and fixed zero-order hold. This
is the approach of [5, 17, 16, 15, 4, 82, 25, 57, 14, 50, 19, 92, 81]. We will also follow
this approach. The other approaches, while not as practically applicable, may yield

useful insights into the nature of the problem. Some other approaches are:

o Arbitrary time varying hold function design is considered in [6]. In this paper

Basar shows that for the state feedback case this leads to a constant
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(memoryless) discrete controller and hold function that is a nonlinear function
of time. In [90] it is shown that for LTI plants with output feedback the hold

is of the form Ce4* and the discrete controller has an observer type structure.

e Simultaneous design of the pre-filter and the discrete compensator is addressed
by Sun et al. in [89] for LTI plants with output feedback. Toivonen uses this
approach with respect to time-varying plants in [94]. Both of these approaches

result in n*? order (order of the generalized plant) pre-filters.

o Control updating between data samples is considered in [18]. They show that
such dual-rate time-varying control can be superior to LTI control (more on this

below).

The last method is the only means by which arbitrary time varying hold functions
could be approximated. This is the main drawback of such hold functions. That
is, they must be approximated, which opens up a whole new can of worms. The
advantage of such hold functions, if they could be realized, is that they make arbitrary
zero placement possible [1]. However, this can also be accomplished through the use of
periodic digital controllers in conjunction with zero order holds [34]. Such controllers
can even be used to stabilize decentralized fixed modes [71], if the fixed modes are
unstructured. The problem with “optimal” pre-filters is that they will be very high
order and therefore candidates for digital implementation. Furthermore, they would,
in many cases, have to be internal to the sensor. Whether dual rate makes sense,

depends on the particular implementation. The only systems for which it makes
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sense, are those systems for which the rate at which the data can be sampled is the
limiting factor. Let f, be the sample rate, with respect to the output data. Let f, be
the control input update rate, which corresponds to the rate at which these outputs
must be computed. Unless there is a fixed delay in the relationship between y and
u, f, is strictly a function of the sensor technology, whereas f, is a function of the
available computational capacity and the complexity of the relationship between y
and u. To date the case of f, > f, has not been considered. In [18] it is shown that,
when f, > f, is achievable, the performance is better than for f, = f, for a given
fy. Finally, none of the above consider the quantization (finite word length) problem

and we will not either. For a discussion of quantization issues see [27, 58].

2.3.2 Sampled-data repetitive control

Since the only advantage to repetitive control is reduced order controller order, it
seems natural that a sampled-data repetitive controller should have a digital repetitive

structure. The general structure of digital repetitive controllers is

C(z)= d(z) —7, Where (2.8)

1-g(2)z

g(z) and d(z) are rational functions and the integer L is at least twice the ratio of
the sampling frequency (rate), f, = 1/7, to the fundamental frequency, fo := wo/2,
of the the periodic input. If q(-z) = 1, then C(z) would cause discrete-time plants to
perfectly track periodic discrete-time signals with L harmonics and the same sample
rate, assuming d(z) renders the system stable. Such a d(z) may or may not exist, for

any particular problem. Note that the sampling rate, f,, must be chosen to be an
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\

integer multiple of the fundamental reference frequency, fo.

[

Remark 2.3.1 (digital repetitive control) Digital repetitive controllers have a purely

rational (finite dimensional) structure.

This is a significant advantage over continuous-time repetitive controllers. The only
drawback of continuous-time repetitive controllers is the infinite dimensional structure
requiring delays for implementation. The inclusion of the delays significantly increases
the complexity of the design process as well as the difficulty of implementation. Thus,
digital repetitive controllers have all the advantages, and none of the disadvantages, of
repetitive control. The only difficulty lies in how to obtain digital repetitive controllers

that satisfy a continuous-time “repetitive” tracking requirement. This is where the

sampled-data formulation comes into play.

-
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CHAPTER III

Robust Performance Formulation

In this chapter we pose a robust performance problem for the two degree of freedom
repetitive controller of Figure 6, as an H* optimal control problem. We then develop
new infinite dimensional H* theory to solve the resulting problem, and present a

numerical example.

3.1 Problem Formulation

The sensitivity function of Figure 6, is given by

E(s) R(s)-Y(s) 1+ PC; A
S = = = =, Wwh C:=C1 + Ch. 3.1

RS~ RE) " 14pG e GEOG 3.1
[ e e s e b e e -t
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Figure 6: Initial two degree of freedom repetitive controller.
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The pair (C;,C;) corresponds to the standard form of the two degree of freedom

control problem [102]. We consider the additive uncertainty description, defined by
Fa(s) = P(s) + Wx(s)A(s), (3.2)

where P is the nominal plant, Pa represents the unknown actual plant description,
A € H® is the normalized (such that, |A(jw)| < 1) uncertainty and W, is the
additive uncertainty weight. Robust performance implicitly requires robust stability
as a prerequisite. The two degree of freedom robust stabilization problem is to find
a controller pair (C;,C;), such that the closed loop system is stable for all possible

plants Pa. It can be shown, see e.g. [13, 22, that a sufficient condition for robust

stability is
|WaCa(1 + PCa) o < 1, (3.3)

where C; stabilizes the nominal plant, P. In addition to robust stability we want
good performance for all Pa (robust performance), i.e. we also want
|Sa(jw)] < [Wi(jw)|™, for all w, where

14 (P + W,A)C,
Sa = -, 34
ST 1+ (P +WhA)G, (34)

It can be shown that these definitions lead to the following sufficient condition for

robust performance:

1+.P02 Wng W262
W, ( -/ | 2 ) 2202 |y forall w. 3.5
Wi\t e, Tlx el Tl Po, orat @ (3:5)
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A closely related control problem in terms of the infinity-norm, see [22], is the H*®

optimal control problem given by

[ 14PC,
Wi (1+PC: )

) i W (_Cz”') ' 3.6
Tert C1,C; stabilizing P 172\ 14PC, ( )

o
i W2 (1+Pc,) oo

Definition 3.1.1 (robust performance problem) The continuous-time robust per-

formance problem, considered in this chapter, is defined by (3.6).

This formulation does not yet have any concrete relationship to repetitive control.
Indeed, it is simply an abstract formulation of a generic robust performance prob-
lem. We will impose a repetitive structure, by constraining C; to have the repetitive

structure shown in Figure 6.

Remark 3.1.1 A characterization of all stabilizing two degree of freedom controllers,
where C, has the repetitive structure shown in Figure 6, and guidelines on how to
choose q(s) for nominal closed loop stability and performance are presented in [39].

Robustness with respect to performance is not addressed.

In order to solve the robust performance problem, and impose a repetitive struc-
ture on C}, we must bring in a parameterization of all stabilizing controllers. The
set of all two degree of freedom controller pairs (Cy,C;) stabilizing a given nominal

plant, P, can be parameterized using a factorization approach [102].

Remark 3.1.2 While there is only one generic parameterization for all one degree
of freedom control systems, see Remark 2.2.1, the parameterization of all stabilizing

two degree of freedom controllers is configuration specific.
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We consider the closed loop system shown in Figure 6. Let X,Y € RH* (the set of
rational functions in H*®) be the solutions of the Bezout identity, NX + DY = 1,
for the nominal plant P = N/D, where N,D € RH®. Recalling that Cyp = C +

Ca, the set of all two degree of freedom controllers stabilizing P is given by the

parameterization
__ @ 5 = X+ D0,
Cl_Y—NQg and Cz_Y—NQg’ (3.7)

where @, and @), are free parameters in H*®. In terms of the parameterization of all

stabilizing controller pairs, (C}, C‘g), the problem (3.6) can be expressed as

Wi WiN 0 p
T =, jnf | [ WAWXD | ~ | WiWaD —WiW,D? [ Ql] (3.8)
Q¢ W, XD 0 —W,D? 20

Remark 8.1.8 If we are only interested in robust stabilization, we can set W; = 0,
which reduces (3.8) to a one block H*® problem involving Q; only, which is essentially

the case when we are designing an initial stabilizing controller.

Similarly, if we are only interested in nominal performance, we can set Wy = 0, which
reduces (3.8) to a one block H* control problem involving ¢}, only, however it is
hard to foresee any situation where we wouldn’t care about robust stability. This
illustrates one advantage of two degree of freedom control: the nominal performance
and the robust stabilization problems can be decoupled. However, the advantage for
our purposes is that two degree of freedom controllers are completely general and
give the maximum possible design flexibility. For robust performance we need to

solve (3.8), which couples @, and @,. The problem (3.8) is a MIMO two-block H*®
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control problem, which has a well known solution, when W;, W, and P are finite
dimensional.
In order to force a repetitive structure on the solution to (3.8), we constrain C)

to have the repetitive structure of Figure 6, i.e. we set

b(s)a(s)e™*T _ Q1(s)
14 1— q(s)e"T = Y(s) _ N(s)Qg(s) (3.9)

or (Qi=Y+NQ;)=qe™T(Q:1-Y + NQ:+b(Y — N@3)). (3.10)

If ¢(s) is proper, then the lefthand side of (3.10) must have an equivalent time delay

of at least T seconds. Since Y, N € RH* do not contain delays, we let
Qi(s)—~Y(s) = e TQy(s) and (3.12)
Qxs) = eTQy(s), (3.12)
where @héz € H®,

Remark 3.1.4 Given Q, and @, there are infinitely many ways to choose corre-
sponding b and q satisfying (3.9). However, if we constrain b and q to be rational,
then there erxists a unique solution, see Section 3.3. Furthermore, the resulting op-
timal C, has the alternative repetitive structure shown in Figure 7, and the overall

repetitive control design has the generalized repetitive structure of Figure 8.

Under the decomposition defined by (3.11) and (3.12), the problem (3.8) becomes

Wi(1 - NY) WiN 0 A
Yopt = . inf WiWo(X -Y)D | — | WiW,D -W,iW,D? | =T Ql] .(3.13)
Q1.Q2€H> WoXD 0 —W,D? Q2 -
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Figure 7: Alternate repetitive controller structure.
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Figure 8: Resulting generalized repetitive controller structure.

Definition 3.1.2 (robust repetitive performance problem) The robust repeti-

tive performance problem is defined by (3.18) and the solution has the structure shown

in Figure 8.

Explicit formulas for computing the generalized repetitive controller parameters (e,
b, d, and ¢), shown in Figure 8, are given in Section 3.3. The H* optimal control
problem given by (3.13) is a vector (SIMO) H* problem with a scalar delay. The
solution of this problem requires an extension of the previous results on infinite di-
mensional H® optimal control, see [28, 31, 69]. In the next section we provide the
required extension of infinite dimensional H* optimal control theory for a class of

problems including those of the form (3.13).
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3.2 Solution of the Infinite Dimensional H*® Problem

The infinite dimensional H* optimal control problem (3.13) is of the form

Yopt = _ inf  ||F —mGQlles, where @:=[Q; §;]7; (3.14)

Q1,Q2€H>
F and G are arbitrary 3 x 1 and 3 x 2 matrices, respectively, with rational entries
in H®; and m € H® is an arbitrary inner function. Clearly, (3.13) is a special
case of (3.14), where m(s) = e~*T. The solution procedure given here is a exten-
sion/modification of previously obtained results on the H* optimal control of SISO

distributed plants, see [31, 69).

Remark 3.2.1 A similar vector H*® optimal control problem involving time delays
has been studied in [28] for an automobile engine idle speed control. They show that
the problem can be posed as a singular-value/singular-vector problem for a finite rank
infinite dimensional operator, but they do not give explicit formulas for the solution

of this problem or present a numerical example.

We now employ the common techniques of inner/outer factorization and outer factor
absorption to obtain a “clean” formulation of the vector H*® problem (3.14), see e.g.
[22, 33, 102]. Let G = MgPs be an inner/outer factorization of GG, where Mg is a
3 x 2 inner matrix and Py is a 2 x 2 outer matrix. Define © := [ Mg Mg ], where

M} is a 3 x 1 inner matrix, such that © is a 3 x 3 inner matrix.

Remark 3.2.2 The outer factor can be absorbed, without loss of generality, by defin-

ing Q := PgQ, under certain genericily assumptions, see [92].
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Remark 8.2.3 Thus, to obtain the solution of (3.14) we simply compute Q = P;'Q,
where if P5' does not exist, i.e. is improper, the “optimal” performance cannot be
achieved, but we can come as close as we like by appropriate approzimations to the

inverse, see e.g. [22].

The resulting “clean” (standard) form of the vector H*® problem is given by

ARt
R | -m Q@2
R3 0

where R:=[ Ry R; R3]T := ©*F. Note that, without loss of generality, we can

Yopt = _ inf (3.15)

él ’Qﬂ €H>®

(= <]

assume that Rz € IRH™,
In order to solve the standard form given by (3.15), we must define a two-block
operator, A, in terms of the projection operator, Pyas), and the multiplication op-

erator, M, which are defined in Appendix A.

Definition 8.2.1 The two-block operator, A : H> — H(M) @ H?
(where H(M) and H? are defined in Appendiz A), is defined by

My,
P [ My, ] ] : (3.16)
My,

A=

where m; and m, are the minimal Blaschke products, such that Vi := mR; and

Vai=maoRy are in H®; M :=m [ n(;l n(']e ]; and V3 := Rj.
2

Now, we can state a lemma relating the optimal performance, o5, of problem (3.15)

to the maximum singular-value of A.
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Lemma 3.2.1 The optimal performance, Yop, of problem (3.15) is given by vopr =
|A]l, where the operator norm of A is defined to be the square root of the largest

element of the spectrum of A, o(A).

Lemma 3.2.1 follows directly from the commutant lifting theorem, see e.g. [29, 30, 77].
The spectrum, o(A), consists of two parts: the discrete spectrum o4(A) consisting of
the singular-values with finite multiplicity (the usual singular-values as in the finite
dimensional case) and the essential spectrum o.(A). The essential norm of A, ||A||.,

is defined to be the square root of the largest element of o.(A).

Remark 3.2.4 Under the genericity assumption that the norm of A is larger than
the essential spectrum, see Assumption 1 in Appendiz B, Yo = ||A|l can be uniquely

determined by solving the singular-vector/singular-value problem for A.

Lemma 3.2.2 Let ("Yopt, 2°) be a singular-value/singular-vector pair for the two block

operator A, then the optimal interpolant Q°P, solving (3.15), is given by

~ P+R1m*a:° ~ P+R2m"‘$°
Pl=——p— ad ' =—7F—, (3.17)

where the projection operator, P, is the “stable projection”, see Appendiz A.
Proof: By the commutant lifting theorem, see e.g. {29, 30, 77], we have
nl_ e
Va ot | | 2% = Aa?, (3.18)
Vs
and from the definition of A, we have

My, z° |21
Pum) Mv: 20 ] _ | Prm [ Vs ] 0 (3.19)
My, z°

Az’ =

Va
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Clearly, (3.18) will be satisfied iff

[ ] M[Qm]m _PH(M)[ lm_[ ]:c —MP+M*[V1]°(320

Canceling common terms and multiplying by M* from the left, gives

opt * Rl = 0
P =P.M 2L =P, m*z’. O (3.21)
2 R,

Thus the solution of (3.15) is equivalent to solving the singular-value/singular-vector

problem for A.

Remark 3.2.5 Since m* has no stable poles, we can write Q3 = §,/2° and Q" =

Ga/2°, where §; and G; are stable rational transfer functions.

Theorem 3.2.1 (solution, operator singular-value/singular-vector problem)
Under certain genericity assumptions, see Assumptions 1-6 in Appendiz B, there ez-
ist a finite dimensional matriz R,, (B.52), such that the pair (o,z) is a singular-
value/singular-vector pair for A iff the matrizx R, is singular. Furthermore, the
singular-vector, z, can be explicitly constructed from the interpolation constraints,

®, defined by R,® = 0.

The proof, which is extremely long and very mathematical, appears in Appendix B.
Appendix B also gives completely explicit equations for constructing R, and the

singular-vector, z

Remark 3.2.8 The mazimum singular-value, Yop: := Opmaz, of A can be found by
varying the parameter o over the finite interval (||All., || Rl|c), and finding the largest

value of o for which R, is singular.
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The essential norm can be readily determined by means of the following lemma from

[30].
Lemma 3.2.8 The essential norm, ||Al., of A, is given by
|Alle = maz {||Valle, | DI} , (3.22)
where (A, B,C, D) is a minimal realization for F := [ |7 A 4 ]T.
Thus the finite interval over which one must search for «,,; is easily determined.

3.3 Calculation of the repetitive controller parameters

In this section we show how to calculate the parameters of the generalized repetitive
controller structure shown in Figure 6. From Remark 3.2.5, QP can be written as
Qert = X[ §:]7, where §; and §, are stable rational functions. It can be shown (see
Appendix B) that z° can be written as z° = g 4+ mh, where g and h are rational
functions. From Remark 3.2.3 and the fact that all of the entries of P5' are rational
functions, we can write G = %lg @], where ¢ and g, are rational functions.

Next, we substitute these equations into (3.11) and (3.12), and get

ma and Q%! = maq

- p—8T
g T mh T = ok where m(s) =e™*. (3.23)

=Y+
Finally, we substitute (3.23) into (3.7), and use a little algebra, to get

bgm ¢ =1+

_ m(q + ¢:N)/gY
T—qm "V -NG; ~ and (3.24)

1 —m(gN - hY)/gY "’

1+

X+DQ; _ X/Y +m(hX +qD)/gY -
Y-NQ, 1-m(eN-hrY)/gY .
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Thus, by matching coefficients, we have that the unique rational functions ¢(s) and

b(s) are given by

_@N-hY _ @ +@N
g= B and b= BB (3.26)

We set C, equal to the transfer function of the repetitive controller shown in Figure 7,
and get

o =X+DQ2___X/Y+m(hX+qu)/gY=d+(a—d)qm (3.27)
2T Y-NQ, 1 —m(g2N — RY)/gY l—-gm )

Thus the optimal ; is a repetitive controller of this form, with

_ & =X
G_Y(qu—hY) and d—Y. (3.28)

Remark 3.3.1 The rational function d(s) plays the role of the initially stabilizing

controller in the traditional repetitive control design procedures.

Indeed, we can define X := X +Difand Y := ¥ — N7, where ¥ € H® is a free
parameter. This parameterization of all (initially) stabilizing controllers, d(s), can be

used to obtain an initial design, d = X/Y, with desirable properties.
3.4 Numerical Example

In this section we consider a numerical example using a plant model for an electro-
hydraulic material testing machine [56, 80, 79]. Specifically, we consider frequency

normalized plants of the form

K
(s—e)s+a)(s?+2(s+1)°

P(s) = (3.29)

where the pole at ¢ is an approximation to a pole at the origin.
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Remark 3.4.1 Frequency normalization is necessary for the problem to be numeri-
cally well conditioned, i.e. for a numerical solution to be possible using MATLAB.
This is a very common difficulty, and is in no way related to the repetitive control

formulation.

In this example K = 0.2103,¢ = .001, o = 0.8653, and ( = 0.4. The following

N,D, X, and Y satisfy the Bezout identity for P(s):
K s—¢€

N= , D= , 3.30
(s+e)(s+a)s®+2(s+1) s+e (3:30)
_ 8°41.6673s + 1.6956s + 0.8687
X =0.0082, and Y = G+ +20s +1) . (3.31)
The initially stabilized closed loop system is given by
P(s)  _
[T do)B0) NY. (3.32)

This initial stabilization step is the first in the two step design process. The second

step, which is the subject of this research, solves for the H* optimal a(s), b(s), and ¢(s).
Let the fundamental period of the signal of interest be 7' = 13.7333, which implies

that wp = 27/T = 0.4575 rad/sec is the fundamental frequency (first harmonic).

Thus the second harmonic is also within the bandwidth of the system.

Remark 3.4.2 The signal of interest is taken to have only two significant harmonics,

because of numerical difficulties associated with large fundamental periods T'.

The specific source of the numerical difficulties associated with large fundamental
periods, is discussed later in this section. Let the performance weight, W,, have a

spike at w; = 2wp. Specifically, the weights are given by

(s+a)(s+2(s+1)

_ _0.5s+0.1
"~ 8s% 4+ 14.2798s2 + 7.3216s + 11.3681 ’

and Wy === (3.33)

W
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Performance Weight

1w0* 10" 10 10
Frequency in Raiane per Second

Figure 9: Bode magnitude plots of the weights, Wy and W,.

The numerator of W, is set equal to the denominator of Y, so that F' will not have
repeated poles, which would lead to repeated poles for R and violate the genericity
assumptions of Theorem 3.2.1, see Assumption 2 in Appendix B. The Bode magnitude

plots of the weights are shown in Figure 9.

Remark 3.4.3 The idea behind choosing a rational weight with a single spike (notch),
even when there are more harmonics of interest, is that for properly chosen low order

rational weights, the resulting “optimal” controller will still provide repetitive action

at several harmonics.

This approach is employed quite successfully in Chapter IV, which strongly implies
that, given better computational facilities, it would work well for this formulation as

well.
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Since D is inner, F' and G defined by (3.13) and (3.14) have a common inner

factor, and can be redefined as

1-NY N 0
F=W]| X-Y and G:=W |1 =D |, where
X 0 -D

W, 0 0
W:=| 0 WiW, 0 (3.34)

0 0 W;

With F and G as defined above, it can be shown f.hat
R, . o 9 o | P12 P
=Wi"W)N - XD -Y .
l R, ] o [ gn ] [ P22 ] [ P21 (3-35)
and Ry = { F*F — (R\"Ry + R,"Ra) }4, (3.36)
where Pg™" =: [ du Gz ] and Pg =: [ Pu pr2 ] . (3.37)
g 922 P21 P22

To solve for R we must obtain the outer factor, Pg, of the M I MO transfer function
(transfer function matrix) G. Inner/outer factorization of GG requires a minimal state
space realization. Finding an exact minimal realization for transfer function matrices
is a nontrivial problem. Appendix C addresses this issue at some length and gives

the details for this example. The resulting minimal realization of G is tenth order.

Remark 3.4.4 The frequency normalization mentioned above is necessary in order

for the realization to be numerically controllable and observable.

The inner/outer factorization of G, using the minimal state space realization, was
done using the algorithm in [33]. The resulting common denominator, DR, for R, and

R, is seventeenth order and Rj is thirteenth order. The Bode plots of the seventeenth
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it
10 H

Ry, (17** Order) Ra, (17" Order)
Figure 10: Full order Bode plots of R; and R, prior to balanced reduction.

order R; and R; are shown in Figure 10 and the Bode plot of the thirteenth order

Rj is shown in Figure 11.

Remark 3.4.5 The high order of these transfer functions makes it numerically im-
possible to compute the solution to (8.15) using MATLAB, since MATLAB has only
sizteen decimal digits of precision and the resulting high order polynomial operations
required to construct R,, such as root finding and convolution, are numerically ill-

conditioned.

Thus, in order to obtain a numerical solution using MATLAB, the components of
R must be approximated by reduced order transfer functions. The singular-value

decomposition (SVD) method of [61] for balanced reduction, was used to obtain:

—~ s% 4 2.6913s + 4.6800s2 + 2.0322s + 0.7007

Ry = -0.06206 s + 2.9083s% + 0.97887s2 + 2.3436s + .0023426 ° (3.38)
_— 4 [ 3 ] 2 (] — .

7, = 00027472 +0.684395° +1.0788s” + 10.08985 — 0.4793 (339)

3% + 2.9083s% + 0.9788732 + 2.3436s + .0023426 ’
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Figure 11: Full order Bode plots of Rs and plot of ||R — R||.

s% 4+ 1.0548s% + 0.4114s + .03597

R, =0.13368 83 + 2.8808s2 + 1.0457s + 2.2995 °

(3.40)

The total approximation error, ||R — RJ|, is shown in Figure 11.

Remark 3.4.6 The error peak is at the peak of Wy, which is undesirable but unsur-

prising. However, even the peak error magnitude (0.3) is quite small.

Remark 3.4.7 Solving the singular-value/singular-vector problem using R gives Yopt s

where Yopt S Yopt + "R - fi"

From Remark 3.2.6 we only have to search over the finite interval (]| A, || Bllo) to
find 4op¢, where from Lemma 3.2.3 we know that ||A|le = maz {||I~23||°°, ||D||}, where
D comes from the state space representation of R. With a little calculation, we find
that ||D|| = 0.1474 and || Rsle = .5691, thus [|A]l. = .5691. Thus, we only need to
search over the interval (0.5691,18.5717), which gives¥o,: = 1.296068976743. All of

the digits shown are significant. The degree to which || — mQ)|| is constant for all
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frequencies is very sensitive to the exact value of 4,,:. The corresponding value of the
delay, to the same precision, is 7' = 13.733333333333. The resulting performance for
the approximate system, ||R — mQ]|, and the performance, | R — mQ||, of the actual
system are shown in Figure 12. Ideally, both of the above performance plots would

be completely flat.

Remark 3.4.8 The performance for the approzimate system, ||1§ - mQ", s quite
flat, with a mazimum deviation from ., = 1.296068976743 of less than one percent,

which confirms the accuracy of the new H® theory developed in this chapter.

Remark 3.4.9 The error, in terms of deviation from F,, = 1.296068976743, in the
plot of ||[R—mQ)|| is ezactly what one would expect, i.e. at both high and low frequen-
cies it is approzimately equal to the frequency approzimation error, see Figure 11,
and the peak error occurs near the peak approzimation error and is bounded by the

approzimation error.

What little error (deviation) there is in the ||R — mQ)|| plot, is likely due to numerical
difficulties associated with polynomial operations and/or arising from the scaling of
some of the entries of R, by the e~"7T (see Appendix B for the definition of the ;).
Indeed, when the fundamental period, T', was increased even a little bit, the numerics
broke down completely and a solution could not be found, i.e. it resulted in an ill-
conditioned R,, which is numerically singular for all sigma. For this example the
real part of the v; ranges from —2.85 to +2.85, which leads to scale factors ranging

from 10~7 to 10'. Thus, even for this relatively modest value of T', R, is poorly
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conditioned. This difficulty can only be resolved through increased computational
precision (all calculations were done using MATLAB, which only has sixteen decimal

digits of precision).

1,306 r l“l .

1304 \ “ 13 4

e "

13 \ I 4 ; ' . i

129} \ 138 . /\ ; ¥

1294 1} E ; ]

1292 ; : 12 ;V

13 i 118 ,

1344 104 134 u;l '1'04 [ u;a u;- [ ld' [
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Figure 12: Performance of Q for both the approximation R and the original R.
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Figure 13: Bode plots of the repetitive controller parameters a(s) and b(s).

The Bode plots of the repetitive controller transfer functions a(s) and 4(s) are
shown in Figure 13, and ¢(s) is shown in Figure 14. While a(s) and b(s) are nineteenth

order and ¢(s) is twentieth order, they could all clearly be well approximated by much
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q(s), (20** Order) Sensitivity Function, S(s)

Figure 14: Repetitive controller parameter g(s) and resulting performance S(s).

lower order compensators.

Remark 3.4.10 Ignoring localized behavior, a(s) can be well approzimated by a first
order transfer function while b(s) and q(s) can be well approzimated by second order

transfer functions.

In spite of this encouraging fact, the bottom line is that the performance of this de-
sign is awful, see Figure 14. It is believed that this is due to some combination of
poor weight selection and numerical errors. However, until the numerical issues can
be resolved adequately to allow ready computation for meaningful (multiple signifi-
cant harmonics) problems, the difficulties and potential of this formulation cannot be

evaluated.

Remark 3.4.11 The excellent results of Chapter IV, for the two-block repetitive con-
trol formulation, are reason for considerable optimism about the potential for this

repetitive control formulation, pending the resolution of the numerical difficulties.
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At least with presently available computers, e.g. the Sun Sparc Station 5, sym-
bolic/multiprecision packages such as Maple and Mathematica are not the answer,

because they simply run too slow on problems of this complexity.

Remark 3.4.12 Clearly, ¢(s) does not provide classical repetitive action, since it is
very large at low frequency. Indeed, the only time that q(s) ~ 1 is near the single

spike in the performance weight, W;.

While this further illustrates the shortcomings of this particular design, the fact that
g(s) = 1 is near the spike in W, is quite encouraging with respect to the ultimate

potential of the formulation.

Remark 3.4.13 A very interesting feature of a(s) is that its Bode magnitude is very
small in the performance region, effectively opening the outer control loop. while it
appears that this is part and parcel of the poor design results, other choices, such as

a low pass a(s), may lead to better classical repetitive controller designs.

In classical repetitive controller design, see e.g. Figure 6, a(s)/b(s) is taken to be
identically equal to one, whereas in this design the ratio is practically zero in the
performance region. Finally, we should comment on the odd hitch that appears in the
Bode plots of both b and ¢ (and hence also in the Bode plot of S) near 0.015 rad/sec.
This hitch occurs at one of the 4;, which are supposed to be canceled by construction,

and is believed to be the result of numerical errors.
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3.5 Summary and Conclusions

In this chapter we posed an H*® optimal robust performance problem, see Defini-
tion 3.1.1. By constraining the controller C; of Figure 6, we obtain a H* optimal
robust repetitive performance problem, see Definition 3.1.2. Under certain genericity
assumptions (see Assumptions 1-6 in Appendix B), H*® control problems of the more
general form (3.15) can be reduced to the calculation of Q°* from (3.17) using the
singular-vector, z°, corresponding to the largest singular-value, ooz = 7opt, Of the
two block operator A, see Definition 3.2.1. The pair (o, ) is a singular-value/singular-
vector pair for A iff the matrix R,, see (B.52), is singular. To find Yopt = Opnas We
need only vary o over a finite interval, see Remark 3.2.6. The corresponding singular-
vector, z°% can be calculated from the optimal interpolation constraints, ®°, defined
by R,,..3° = 0, see Appendix B. Finally, Q°* can be calculated from z° using
(3.23).

The H* optimal robust repetitive performance problem of Definition 3.1.2, yields
the generalized repetitive controller structure of Figure 8. The unique rational con-
troller parameters of this generalized structure can be calculated directly from Qort,
see Section 3.3. The parameter d = X/Y is fixed prior to solving the H* optimal
robust repetitive performance problem, since it is just the ratio of the two parameters
in the solution of the Bezout identity used to parameterize all stabilizing controllers.
The only requirement on d(s) is that it must stabilize the nominal plant. Thus, d(s)
plays the role of the initially stabilizing controller from classical repetitive control de-

sign. So, the overall design procedure has two steps: first find an initially stabilizing
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controller d(s), which determines the X and Y used in the H*® optimization, and
then solve for ¢(s), a(s) and b(s) by the H*® optimization method detailed above.
The numerical example illustrated several interesting effects. The construction
of the matrix, R,, was found to be numerically poorly conditioned for high order R
when using MATLAB. Use of a symbolic program, such as Maple or Mathematica,
might reduce this problem, but with currently available computational facilities the
resulting run times are excessive. Furthermore, R, becomes poorly conditioned for
large fundamental periods, T, due to the scaling of some of the entries by e~*7
(see Appendix B for the definition of the ;). This problem is generic in that the
~; are symmetric with respect to the origin. Thus, as T gets large R, will become
increasingly poorly conditioned if any of the 4; have a “large” real part. The only
way around this problem is increased machine precision. The form of the resulting
controller parameters, a(s),b(s), and g(s), provides insights that may be useful in
“classical” repetitive controller design. In particular, the fact that the feedback gain
function a(s) # b(s)™!, suggests that there may be an advantage in introducing a(s)
as a new design parameter in classical design. In this case a(s) effectively opens the
outer loop at low frequency, which serves to help eliminate repetitive action. However,
other choices, such as a low pass a(s), may lead to better classical repetitive designs.
The extension of the existing infinite dimensional H* optimal control theory,
required to solve the associated vector H* problem, is of independent theoretical
importance. The extension of these results to vector problems of different dimensions

is straight forward. The extension to non-scalar inner infinite dimensional factors is
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not straight forward, but the mathematical techniques involved should remain essen-
tially the same. For small delays (less than the system time constant) the numerical
difficulties with respect to the delay term would be effectively eliminated. How-
ever, for repetitive control the delays must always be large (several times the system
time constant). While numerical/computational difficulties presently prevent practi-
cal repetitive controller design using this formulation, there is considerable promise
that, with the ever improving speed and computation power of computers and ad-
vances in multi-precision algorithms, it will become possible. Furthermore, in light of
the results of Chapter IV, there is considerable reason to believe that the formulation

will, at that time, provide usable practical designs.



CHAPTER IV

Nominal Performance With Robust Stability

In this chapter we consider the “two-block” (nominal performance with robust sta-
bility) formulation of the continuous-time H* optimal repetitive control problem.
The primary advantage of the two-block formulation is that when the performance
weight, Wj(s), and the robustness weight, W;(s), are properly chosen the numerical
difficulties associated with H*™ optimal repetitive control are significantly reduced.
The drawback is that we sacrifice specific guarantees with respect to maintaining the

desired performance in the face of plant variations.

4.1 Initial Stabilization and Approximate Inversion

In repetitive control design the nominal plant, P,(s), is generally assumed to have
been stabilized by an initial stabilizing controller, d(s). The stabilized plant, P(s), is
then typically approximately inverted, over the performance region, by the compen-
sator , b(s), see Figure 15. Note that this formulation corresponds to the two degree
of freedom control problem, where one degree of freedom is fixed by the selection
of the initial stabilizing controller, d(s), see Chapter III. This formulation leads to
the equivalent approximate system shown in Figure 16. In this section we prove a

lemma giving sufficient conditions for stabilization of the system in Figure 15 using

52
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Figure 15: System structure, nominal performance with robust stability problem.
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Figure 16: Simplified structure assuming perfect inversion of the stabilized plant.

controllers, C (8), designed for the equivalent approximate system shown in Figure 16.
We also give a simple formula for bounding the reduction in high frequency robustness
due to the approximate nature of the plant inversion.

It is well known, see e.g. [22], that the system of Figure 15 is internally stable
iff the four transfer functions: S := (1 + CP)~1,PS, CS, and T := PCS are all
stable. While the controller d(s) ensures that P(s) is stable, it cannot ensure that it
is minimum phase. Thus we introduce the factorization, P(s) = my(8)P,(s), where
P,(s) is outer (minimum phase) and my,(s) is inner (all pass). In order to obtain
controllers with a repetitive structure, see Section 4.3, we introduce inner factor,
m(s) := e~*T, which can be thought of as having been factored out of a(s), i.e.
a(s) := m(s)C(s). In order to ensure the stability of the resulting design (by ensuring

the stability of b, see Lemma 4.1.1), we only attempt to invert the outer factor, P,(s),
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of the stabilized plant, P(s). The approximate system, assuming that b(s)P(s) =
b(3)P,(8)mp(8) = my(8), is shown in Figure 16. It should be noted that even though
we are just attempting to invert the outer part of a stable plant, the inversion is
necessarily approximate irrespective of plant uncertainty. The inversion must be only
approximate because all physical plants, P,(s), are strictly proper, i.e. they have
zero response at infinite frequency. Furthermore, stabilization of the strictly proper
plant, P,(s), by any realizable (proper) initial controller, d(s), results in a strictly
proper stable plant, P(s). Thus, to exactly invert the plant would require an improper
(unrealizable) compensator, b(s). However, for all practical purposes it is sufficient
that b(s) approximately invert the plant over a finite frequency band (including the
“performance band”), see [96] and Lemma 4.1.1 below.

Since the equivalent plant, m,(s)m(s), is stable, the parameterization of all sta-

bilizing controllers is given by

o @)
= oA (1)

where Q(s) € H® is a free parameter. Recall that classical repetitive controllers have
unity feedback in the repetitive block, see Figure 3 and {2.1). Thus the repetitive
structure for a(s) := m(s)C(s), shown in Figure 17, is a modified repetitive structure
for m, # 1. Note that for Q(s) unity-low pass (i.e. Q(jw) ~ 1 at “low” frequencies)
and m(s) = 1, the controller a{s) has a classical repetitive structure. Indeed, the
sensitivity function of the system shown in Figure 16 is S(s) = 1 — m,(s)m(s)Q(s)

and the corresponding complementary sensitivity function is T(s) = m,(s)m(s)Q(s).
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Figure 17: Modified repetitive structure of a(s).

Remark 4.1.1 The fact that the modified repetitive structure (see Figure 17) for
non-minimum phase plants arises naturally in the parameterization of all stabilizing
controllers, implies that it is a superior structure with respect to obtaining stable

repetitive control systems.

Whether or not the modified structure is superior with respect to obtaining good
repetitive performance is not immediately obvious, but it does warrant further re-
search.

Using the parameterization of all stabilizing controllers, we can state a lemma
giving sufficient conditions for system stability under approximate inversion. Note
that accurate inversion can only be obtained where the plant uncertainty is low.
Thus, where plant uncertainty is high (i.e. in the robustness region) the plant cannot

be accurately inverted.

Lemma 4.1.1 (Approximate Inversion) If d stabilizes P,, C stabilizes mym, b

is stable, and ||(bF, —1)Q||,, < 1, then the system shown in Figure 15 is internally

stable.
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Proof: Recall from (4.1), that the parameterization of all C that stabilize m,m, in

terms of the free parameter Q) € H*, is given by

o Q)
A = T om g “

Using the fact that a(s) := m(s)C(s), we have that the four transfer functions that

characterize internal stability are:

L 1 — my(s)m(s)Q(s)
56 =TT 0B - Dmlm(m)Q0)’ (43)

B
_ my(8)Po(s)(1 — my(s)m(s)Q(s)) an
_ my(8)m(s)b(s)F,(s)Q(s
) = T3 BERE) - DmamEQE) (45)

Since C(s) stabilizes m,(s)m(s), we know that Q(s) € H®, so the numerator of S(s)

is stable. Furthermore, sincs b(s) and P,(s) are both stable, all of the numerators are

stable. Finally, the common denominator will be stable if
I(5P, = mymQlloo = (6P ~ )@l < 1. O (47)

Note that while the conditions given in the Lemma 4.1.1 are conservative, they are
not very restrictive nor difficult to satisfy. Clearly, the approximate inversion must
be highly accurate wherever |Q(jw)| is relatively large (e.g. the performance region).
Conversely, where |@Q(jw)| is small (e.g. the small gain region) the approximation can
be very course. Indeed, the product b(s)P,(s) can be allowed to go to zero in this
region with very little adverse effect. Recall that for “good” designs, the small gain

region (frequencies where the loop gain is less than one for all possible plant variations)
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is semi-infinite. Thus the only practical impact of under-inversion ( |b(jw)P,(jw)| < 1)
in this region, is a reduction in the high frequency robustness bound. High frequency
robustness is normally quantified via the complementary sensitivity function, T'(s),
introduced above. The following lemma gives an upper bound on the reduction in

robustness due to under-inversion (|b(jw)P,(jw)| = 8 < 1).

Definition 4.1.1 (robustness reduction factor) The robustness reduction factor,
8(T,w), is defined to be the ratio of the absolute value of the actual T(jw) to the ab-

solute value obtained with exact inversion (b(s)Py(s) =1), i.e.

b(jw) P(jw)

") = T @) PGw) ~ Dy ImGa)@Gw) 43
Lemma 4.1.2 (robustness reduction bound)
If QGw)l<ea< % and |b(jw)Po(jw)l = B <1, then §(T,w) < %.

Proof: A worst case bound for a rational function is the maximum possible numerator
divided by the minimum possible denominator. Since, m,(s) and m(s) are inner,
[b(jw)Po(jw)mp(jw)m(jw)Q(jw)| = BIQ(jw)|. Similarly, we have the inequality

|1+ (b(jw) Po(jw) = 1)mp(jw)m(jw)Q(jw)| 2 1 = (b(jw)Po(jw) —1)af 21— (B +1)e.
Thus, we have

my(jw)m(iu)ii)PG)QG) | a8 o
T+ () P(jw) - Dmp(j)m(iw)QG) | = T= (B +Da

IT(w)l =

Using the fact that for b(jw)P,(jw) = 1, we have {T(jw)| = |@Q(jw)|, which gives the

desired result. O
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Note that the worst case for the bound (8 = 1) corresponds to the perfect inversion
case. Thus the bound is conservative. Furthermore, since the magnitude of P,(jw)
goes to zero, as w goes to infinity, and the magnitude of the proper rational transfer
function b(jw) is finite for all w € IR, the actual robustness is significantly improved
at very high frequencies. That is, the true T'(jw) goes to zero, as w goes to infinity,
while the “ideal” (perfect inversion) T'(jw) does not. Finally, a simple example shows

that even the worst case bound is very small for & << 1.

Example: Let |Q(jw)| < e = 0.1 and 0 < |b(jw)P,(jw)| = B < 1 (under-inversion)
for all w € [w;,00), then the worst case (conservative) bound on the reduction in

robustness is §(7T,w) < 1/0.8 or 1.9382dB. O

4.2 Solution of the Two-Block Problem

In [95], Toker and Ozbay characterize all optimal and suboptimal solutions to the
two-block (nominal performance with robust stability) H*® control problem for a
large class of infinite dimensional systems. This class of systems includes systems of
the form shown in Figure 16. In this section we present a specialized version of their
result, which is specific to the optimal solution of this smaller class of problems.
The two block (nominal performance with robust stability) problem is formulated
in terms of a performance weighting function, W;(s), the sensitivity function, S(s),
a robustness weighting function, W5(s), and the complementary sensitivity function,

T'(s). The H* optimal solution to this problem is defined to be the minimization,
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over all stabilizing controllers, of the performance measure -y defined by

Y= (4.10)

{Z%)
W,T

Let v, denote the optimal solution (minimum value of 4), and make the following

preliminary definitions

E,(s):= (w - 1) and F,(s) := G,(s) H (s = s) , where (4.11)
7 k=1 (M + )
the nx, k = 1...ny, are the poles of Wj(—s) and the outer factor G,(s) is defined by
Goy(—5)Go(s) = (1 - (W - 1) E,,(s))- : (4.12)

Theorem 4.2.1 (Toker and Ozbay [95]) Let the weights Wy(s) and Wy(s) be ra-
tional functions. Then the H* optimal solution to the two block problem defined by

(4.10), for the system defined in Figure 16, is given by

Ero(8)Fy(8)L(s)
1+ my(s)m(s)Fon(s)L(s)’ (4.18)

where L(s) := Ly(s)/Ly(8), which satisfies |L{(jw)| = 1, is the ratio of two polynomials

C’o(s) =

of degree less than or equal to (ny—1). The coefficients of these polynomials constitute
2n; unknowns, which can be uniquely computed from the following set of 2n; linearly

independent equations:

o
(]

L1(Br) + mp(Bi)m( Be) Foyo (Br) L2(Br), (4.14)
0 = Ly(—Bk) + mu(Br)m(Bi) Foo(Bi) L1(—Br), (4.15)

where the zeros of E.,, (Bx, k=1...n1) are ordered such that By, +i = =8,

i = 1...ny and the first ny zeros are in the closed right half plane (RHP).
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Remark 4.2.1 While the solution parameter L(s) satisfies |L(jw)| = 1, it is not, in

general, an inner function, since it is not, necessarily, stable.

Replacing v, with =, the system of equations in the coefficients of L;(s) and L(s)
defines a matrix function of 4 that must be singular when v = +4,. Thus, v, may
be found as in the robust performance problem formulation of Chapter III, i.e. by
searching over a finite interval for the largest value of gamma that makes this matrix
singular. Onur Toker has written a user friendly software package in MATLAB that

implements this theory for the more general case developed in [95].

4.3 Sensitivity Improvement Formulation

As seen in Chapter III, an important issue in > optimal repetitive controller de-
sign is how to ensure that the resulting controllers actually provide repetitive action.
Recall that repetitive performance is obtained when the magnitude of the sensitivity
function is “small” at the fundamental frequency, w, = 2—7’.'-, and at a number of har-
monics, w = kw,. Repetitive action occurs when repetitive performance is achieved
as a direct result of the time delay term, m(s) := e~*7. For the system shown in
Figure 16, repetitive action is achieved precisely when Q(7kw,) ~ 1, for some set of
integers k. One approach, that ensures repetitive action of the resulting H* optimal
controller, is choosing the performance weight, W, to have an infinite dimensional
repetitive structure. The problem with infinite dimensional weights is that in general
the resulting H*® optimal control problem remains unsolved. In particular, Theo-

rem 4.2.1 requires that the weighting functions Wj(s) and Wy(s) be rational. The
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gensitivity improvement formulation incorporates an infinite dimensional repetitive
performance weight, Wj(s), such that the resulting two-block H* problem reduces
to the solution of a two-block H* problem that can be solved by Theorem 4.2.1.
The sensitivity improvement problem is formulated in terms of a nominal repet-
itive control design. The nominal design may be a pre-existing design or it may be
the first part in a two part repetitive control.design. The nominal design must have
the structure shown in Figure 17. Thus, it may not be possible to use an existing

design for non-minimum phase plants, since this is a novel structure for such plants.

Definition 4.3.1 (nominal repetitive design) The nominal repetitive design for

the sensitivity improvement problem is given by Figure 17, with Q(s) = ¢qu(s).

Typically, gn(s) € H*® will be a low order rational transfer function that is unity-
low pass, i.e. ¢,(jw) =~ 1 for w € [0,kw,). The sensitivity and complementary
sensitivity of the nominal design are given by S,(3) = 1—myp(s)m(s)gn(s) and T,(s) =
my(3)m(3)gn(s), respectively. The sensitivity improvement problem is formulated by
defining the performance weight, W;(s), in terms of the nominal classical repetitive

sensitivity function, S,(s). This directly constrains the solution to provide repetitive

performance.

Definition 4.3.2 (performance weight for sensitivity improvement) The in-

finite dimensional repetitive performance weight for the sensitivity improvement prob-
lem is given by

W) )
W)= 5 &) = TomEmE)ne) (4.16)
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where Wi(s) is a rational transfer function.

Thus the resulting overall sensitivity function, S(s), will tend to have the nominal sen-
sitivity function, Sp(s), as a factor. The solution of the resulting infinite dimensional

two-block H*® problem is the subject of the following subsection.
4.3.1 Solution of the sensitivity improvement problem

The solution to the sensitivity improvement problem also has the modified repetitive

structure shown in Figure 17, but this time the free parameter ¢ € H* is infinite

dimensional.

Definition 4.3.3 (sensitivity improvement problem) The solution of the sen-
sitivity improvement problem, defined by (4.16), is given by the repetitive structure of

Figure 17, with Q(s) = g(s).

Thus the overall sensitivity and complementary sensitivity functions are given by
$(s) = 1 - my(s)m(s)q(s) and T(s) = my(shm(s)a(s).
The sensitivity improvement problem, in its present form, cannot be solved by

Theorem 4.2.1, since the performance weight,

Wa(s) _ Wi(s)
Sn(S) T 1- mp(.s)m(s)qn(s)’ (417)

Wl(S) =

is infinite dimensional. To convert the problem to an equivalent problem that we can

solve, we note that

|
=
——
w
"
Uy
—
wn
g’

Wi(s)S(s) = Wi(s)(1 — my(8)m(s)d(s)) (4.18)
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Therefore, we have
Wi(8)S(s) = Wy(s)(1 — mp(s)m(s)d(s)), (4.19)

where § € H® is a free parameter given by

N, Q(s) - ‘In(s)
q(S) - 1-— m,(s)m(s)q,.(s)’ (4.20)

or ¢(8) := ga(8) + {1 — mp(s)m(s)q.(s)}d(s). Hence, we have
Wi(8)S(s) = Wi(s)(1 — my(s)m(s)(s)) =: Wa(s)5(s). (4.21)

The definition of 5(s) is natural since, letting Q(s) = §(s) in Figure 17, it is precisely
the sensitivity function corresponding to §(s). Note that 1 —m,(s)m(s)q(s) € H* =
q € H® for all ¢,, § € H®. Thus, whenever Q(s) = §(s) stabilizes the system of
Figure 16, then so does @(s) = ¢(s), assuming that the nominal repetitive design is

stable.

Remark 4.3.1 The sensitivity improvement design is a perturbation of the original

design in the sense that for g(s) = 0, we recover the nominal design, i.e. we have
q(s) = gn(s)-

Since Wy (s) is a rational function, the H* optimal solution to the sensitivity im-
provement problem can be obtained from Theorem 4.2.1 using an appropriate ratio-
nal robustness weight Wz(s). The corresponding complementary sensitivity function,
T(s), associated with the free parameter §(s) is T(s) := m,(s)m(s)§(s). Thus the

optimal solution, C,(s), of Theorem 4.2.1 using Wi(s), Wa(s), S(s), and T(s) in place
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of Wi(s), Wa(s), S(s), and T'(s) corresponds to the optimal §(s). Letting §(s) be the
optimal solution, and solving for §(s) in terms of C,(s), we have

- 60(3) = Ey(s)Fy(s)L(s)
1+ my(s)m(s)Col(s) 1+ mp(s)m(s)Fr(s)L(s) {Ey(s) +1}’

q(s) (4.22)

where 7, has been replaced by v for convenience. Now, we can define the optimal

solution to the sensitivity improvement problem.

Definition 4.3.4 (optimal solution of the sensitivity improvement problem)
The H* optimal solution to the sensitivity improvement problem, defined by (4.16),

is given by ¢(s) := gn(8) + (1 — my(s)m(s)qn(3))g(s), where g(s) is given by (4.22).

The resulting overall sensitivity function, S(s), is given by
S(s) = 1 —my(s)m(s)gn(s) — mp(s)m(s) {1 — my(s)m(s)qn(s)} §(s) or

S(s) = {1 — my(s)m(s)gn(8)H1 — my(s)m(s)q(s)} = Su(s)S(s). (4.23)

Thus the overall sensitivity is the product of the nominal sensitivity, S,(s), and the
“sensitivity improvement” term , § (8), that has a repetitive structure, where the quo-
tation marks are to emphasize the fact that the sensitivity is only improved at those
frequencies where the sensitivity improvement term is less than one. Taking the prod-
uct of two transfer functions is equivalent to cascading the two corresponding systems.
Thus the solution to the sensitivity improvement problem can be thought of as the
cascade of the nominal repetitive design, as defined by ¢,(s), and the “improvement”

design, as defined by g(s).
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Definition 4.3.5 (cascade repetitive control) The repetitive controller, and con-
troller structure, resulting from the optimal solution of the sensitivity improvement
problem will be referred to as the cascade repetitive controller, and the cascade repet-

itive control structure, respectively.

See Subsection 4.3.2 for more on the resulting cascade structure and Section 4.4 for
more on cascade repetitive control.
The resulting overall complementary sensitivity function, T'(s), for the cascade

repetitive design, is given by
T(s) = mp(s)m(s)gn(s) + mp(s)m(s) {1 — mp(s)m(s)qn(s)} §(s) or
T(s) = Ty(s) + Sn(s)T(s). (4.24)

Note that the overall complementary sensitivity function is a (weighted) sum rather
than a product of the individual complementary sensitivity functions. This means
that instead of having an improvement, as for the sensitivity, we have a (hopefully
modest) decrease in overall robustness, as measured by the overall complementary
sensitivity function. Wherever |T,(jw)| is small, |Sp(jw)] = |1 — Tu(jw)| &~ 1, thus
the scaling of T(s) by S,(s) has little effect on the overall robustness. While the
overall robustness (roll-off in T') is less than that of the nominal design (roll-off in
T,), the reduction can typically be made insignificant through the proper selection
of Wy(s). Note that |T,(jw)! = |mp(jw)m(jw)ga(jw)| = |gn(jw)|, and similarly
|T(jw)| = |§(jw)|. Thus, robustness issues can be studied by directly looking at

g» and §. Note that the high frequency behavior of §(jw) depends directly on the
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Figure 18: Structure of the H* optimal cascade repetitive controller.

high frequency behavior of Wa( jw). The goal is to find choices of Wi(s) and Wa(s)
that will lead to enhanced repetitive performance in the frequency band(s) of inter-
est, while preventing any significant reduction in the overall robustness. For more on

weight selection for repetitive control see Section 4.6.

4.3.2 Resulting controller structure

The resulting H*™ optimal controller has an add-on structure, see Figure 18. Re-
call that by “add-on structure” we mean that the “new” part of the controller,
{1 ~ my(s)m(s)gn(s)} 4(s), can be connected in parallel with some portion of the
existing controller, in this case g,(s). The new structure generally requires a total
of three delays to implement (the delay from the nominal design plus two additional
delays), but it can provide significant sensitivity improvement while maintaining ade-
quate robustness. Furthermore, through judicious weight selection, see Section 4.6, a
reduced order approximation with a simplified structure having only two delays can

be obtained, see Subsection 4.3.3.
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To see how we arrive at the structure shown in Figure 18, recall the definition of

7 (4.22) in terms of C,, from Theorem 4.2.1,

”~

§(s) = Cofs) _ - E,(s)Fy(s)L(s)
14+ my(s)m(s)Co(s) 1+ my(s)m(s)F,(s)L(s) {Ex(s) + 1}

Recalling that q(s) := gu(s) + {1 — my(s)m(s)ga(s)} §(s) and the definition of C(s),

(4.25)

we have

a(s) := m(s)C(s) = 1= n::g;g:g.(s.Z)q(s)’ (4.26)

which yields the structure shown in Figure 18 for the overall combined (cascade

repetitive) solution to the sensitivity improvement problem.

Remark 4.3.2 While the “cascade repetitive” design of Figure 18 is a cascade design,
in the sense that the overall sensitivity in the product of the individual sensitivities
of the nominal design (q,) and the improvement design (q), it will only be a truly

cascade repetitive design if § provides repetitive action.
Recall that the sensitivity function can be factored as
S(s) = {1 = my(s)m(s)ga(s) {1 — my(s)m(s)q(s)} = Su(s)5(s). (4.27)

It is clear from this factorization that the maximum sensitivity improvement, as
measured at the harmonics, is obtained precisely when 5(s) := 1 — m,(s)m(s)§(s)

provides repetitive action. That is, we want 8 (jwok) ~ 0 for some set of integers, k.

Remark 4.3.3 (impossibility of perfect performance) We cannot ever achieve

5(s) := 1 — my(s)m(s)d(s) =0, since § € H® must be stable and causal.
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In order to get S(jwok) & 0, we need §(jwok) ~ 1/m(jwok)mp(juwok). Thus, ideally
we would like § € H* to invert both m,(jwok) and m(jwok) for the required set of
integers k. We make the following observation with respect to achievable performance

(improvement) via §:

e Exact inversion of m,(s) by ¢(s) is impossible, since all the zeros of my(s) are

in the right half plane (RH P) and §(s) must be stable.

—aT ¢

e Exact inversion of m(s) by §(s) is impossible, since m(s) := e™** is a pure time

delay and g(s) must be causal.
¢ Approximate inversion of m(jwok) is not difficult, since m(jwok) = e*™* = 1.

o Approximate inversion of my(jwok), on the other hand, presents a significant

problem, since the phase of m,(juwok) is different for every k.

This explains why there will be significant reductions in achievable performance for
certain non-minimum phase systems, i.e. for those systems where there is significant
variation in the phase of my(jw) over the performance region. The selection of the
performance and robustness weights, W, and W, such that § that provides repetitive

action are discussed in Section 4.6.

Remark 4.3.4 In general, §(s) is an irrational function, see (4.25), but if §(s) could
be approrimated by a low order rational function, then the solution of the sensitivity

improvement problem would be the stable cascade of two classical repetitive controllers,
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The conditions under which 4(s) can be approximated by a low order rational function
are discussed in Subsection 4.3.3 and selection of appropriate weights is discussed in
Section 4.6.

In order to better understand the controller structure and the issues involved in
obtaining reduced order/complexity approximations, we must take a detailed look at
the rational components, F.,, E,, and L. Irrespective of cancellations that might occur
due to the particular weight selections, there are structural cancellations that occur
in the forming F,(s), £,(s)F,(s), and (E,(s)™* +1). To see where the cancellations
occur, we must take a closer look at the definitions of these terms. In so doing we
will also be able to calculate an upper bound on the combined structural order of the
rational components of the infinite dimensional cascade repetitive controller a(s).

Let W, (s) =: Nw,(8)/ Dw,(s), where the polynomial Dw, (s) is taken to be monic.
Similarly, let Wa(s) =: Nw, (s)/dWs(s). Finally, let N, (s) := Nw,(s)/ and Ny, (s) :=

Nw,(3)/v. Now, by definition, see Section 4.2, we have

_ ﬁw,(—s)ﬁw, (3) - DW1 (—S)Dw,(s) an
E.(s) = Dy, (—3)Dw, (5) d (4.28)
(1e=3) _ gy Dosl=s)
e R ) (429

Similarly, for G,(~s)G,(s) we have

_ Dy (=3)Dyw, (8)dWi(=5)dW(s) _ nGy(=3)nGs(s)
Gr(=2)Gx{s) = =35 (=33, ) = Gy(=3)dGH(s)"

Thus, by inspection, we have nG,(s) = Dw, (s)dW;(s). From the definition of F,(s),

(4.30)

after cancellations we have

Dw, (—s)dW;(s)

- s ('Tk _1\m
F,(s) = G IH (e +3) =(-1) G (s) . (4.31)
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Similarly, after cancellations we have

(Nw, (=3)Nw, (s) — Dw, (—3) D, (s)) dWs(s)

Fy(s)E,(s) = (-1)™ Dw, (s)dG(s)

(4.32)

Now, we can readily determine the structural upper bound on the order of a(s).
From (4.30) we see that ord(G,) = ord(W;) + ord(W,), from (4.31) we see that
ord(F,) = ord(G,), from (4.32) we see that ord (F,E.)) = 2ord (W) + ord (W;), and
by definition ord (L) < ord (W;) — 1. Thus the upper bound on the structural order

of the rational components of a(s) is
ord(a) < Sord (Wh) — 1+ ord (W) + 20rd(ga) + 3ord (m,). (4.33)

Remark 4.3.5 The structural upper bound on the total order of the rational compo-
nents of a(s) is not of any practical importance, since for properly selected weighting
functions the resulting controllers can be well approzimated by much lower order ra-

tional parts within a simplified cascade repetitive structure, see Section 4.6.

While the existence of right half plane (RHP) plant zeros (my(s) # 1) does not
significantly impact the structural upper bound on the total order of the optimal
controller, the relative impact is magnified in the reduced order case. Furthermore,
the presence of RH P plant zeros reduces the achievable repetitive performance, often

significantly.
4.3.3 Reduced order control with a simplified structure

In this subsection we explore ways to obtain rational approximations for g(s) and

the conditions under which it can be done. Recall from (4.25), that in terms of the
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Figure 19: Simplified cascade repetitive structure (E,(jw) & —E, ~ -1).

solution parameters of Theorem 4.2.1, we have

A( )_ E,y(s)F.y(s)L(S)
T T my(s)m{s)Fy(s)L(s) {Ex(s) + 1}

(4.34)

By inspection, the only way that we can obtain a nonzero rational approximation for

g(s) is if we can replace E,(s) with —1. Recalling that

E, = (w - 1) , (4.35)
7
we see that E.(s) = —1 iff Wi(s) = 0. Clearly, we cannot have a performance

weight W () = 0 for a sensitivity improvement problem, or for any meaningful
problem formulation. Thus the approximation must consist of two parts, i.e. we need
E,(jw) = —E, outside of a “small” frequency band, and we also require that the

constant, E’., < 1, be approximately equal to one.

Remark 4.3.8 To obtain a rational approzimation for 4(s), and the corresponding
simplified cascade repetitive structure of Figure 19, we must be able to make the double

approzimation E.(jw) ~ —E, ~ -1.
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Remark 4.3.7 Whether E,(jw) = _E"w depends entirely on the weighting func-
tion, Wy, while whether E'.y ~ 1, also depends strongly on the robusiness weight, W,

through its effect on the value of 7.

The selection of weighting functions that achieve these objectives is discussed in Sec-
tion 4.6. The goal at present is to explore the implications of making the double
approximation and resulting simplifications in the cascade repetitive controller struc-

ture.

Remark 4.3.8 Under the double approzimation, E,(jw) = —E‘., ~ —1, we have

(s) ~ —F,(s)L(s) =: {(s), which gives §=1-mymi=: 3 and T = mymg=:T.

The resulting simplified cascade repetitive controller structure is shown in Figure 19.
The desirability of this simplified structure, as compared to the original structure
of Figure 18, is quite obvious. Not only has an entire infinite dimensional block
(including a delay term, m) been eliminated but there has been a significant reduction

in the total order of the rational components of a(s).

Remark 4.3.9 The simplified cascade repetitive controller will result in a stable

closed loop system iff §(s) := —F.,(s)L(8) is stable, i.e. iff § € H™.

The transfer function F,(s) is stable by construction, see (4.31) in Subsection 4.3.2.
However, there is no guarantee that L(s) will be stable, see Theorem 4.2.1 and Re-
mark 4.2.1. Thus if we wish to make the double approximation, E,(jw) ~ —E, ~ -1,
we must be certain that the corresponding L(s) is stable. (Strictly speaking, we only

require that F.,(s)L(s) is stable, which could (theoretically) happen when L(s) is
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unstable, since F.(8) is non-minimum phase.) Conversely, since this approximation
leads to instability whenever L(s) is unstable, one would expect that for any robust
design for which E,(jw) =~ —E., /s —1, that the corresponding L(s) would indeed be

stable. This is exactly what happens in practice, see Section 4.7.

Remark 4.3.10 If §(s) provides repetitive action and E,(jw) ~ —E‘., ~ —1, then
the simplified reduced order cascade repetitive controller provides classical repetitive

action, i.e. §(jw) = 1 in the performance region.

This, rather intuitive, observation is illustrated by the numerical examples in Sec-
tion 4.7.

Whether the sensitivity properties are maintained depends on whether the corre-
sponding cancellations in F.(s) are made. Recall from Subsection 4.3.2, that there
are structural cancellations in taking the product F,(s)E,(s). Thus, making the ap-
proximation E.,(jw) = —E, ~ -1, without making the corresponding cancellations
in F,(s), causes significant distortion in the frequency band where E.,, is not well

approximated by a constant (i.e. near w,, see Section 4.7).

Remark 4.8.11 The simplified cascade repetitive structure, of Figure 19, can be
thought of as a framework for robustly cascading two classical repetitive controllers.
Indeed, the two unity-low pass filters, q,(3) and §(s), in this controller structure, can

be designed using any method so long as they are both stable and that the combined

robustness, see ({.24), is adequate.

Recall that the cascade repetitive controller parameter, § € H*, is the free param-

eter corresponding to the optimal solution of the two-block problem of Theorem 4.2.1
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(with W) = W, and W, = Wz) Thus the approximation E,(jw) ~ — A,,. & —1, also
has implications for the solution of this problem irrespective of any relationship with

the sensitivity improvement problem. From Theorem 4.2.1, we have

Ay E)F()L(s) —Fy(s)L(s)
O = T ()m(a) FAa) L) = T+ mp(e)m{s) F(o)Ls)" (430

Letting C(s) = C(s) in Figure 16 and recalling that § := ~F,L, we have

a(s) = m(s)C(s) = 1= nz:g;igz)q ol (4.37)

which has a repetitive structure. Specifically, it has the modified repetitive structure
of Figure 17, with Q(s) = §(s). Hence, there is a certain equivalence between “good”
solutions to the sensitivity improvement problem and the direct design of H* optimal

repetitive controllers.

4.4 Direct H* Optimal Repetitive Controller Design

As we saw in the previous section, there is a certain equivalence between obtaining
repetitive sensitivity improvement (cascade repetitive control) and direct H* optimal
repetitive control. In this section we explore this equivalence and exploit it to directly
obtain H* optimal repetitive controllers for any rational nominal plant P,(s). While
the method is applicable to non-minimum phase plants, it is not always possible to
achieve broad band repetitive action for non-minimum phase plants, see Section 4.7.
The resulting controllers do not have an add-on structure, but do have a simple
repetitive structure with one delay term, m(s) := e™*7, and at most three rational

transfer functions, see Figure 20.
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Figure 20: Controller structure for direct H* optimal repetitive control.

Definition 4.4.1 (direct H*® optimal repetitive control problem) The direct H*®
optimal repetitive control problem is defined by setting C(s) = C(s) in Figure 15,
where C(s) is as defined in Theorem 4.2.1.

Thus the sensitivity of the direct design is § := 1 — mpm{, which is precisely the
sensitivity improvement of the cascade design, see (4.27). The direct H*® optimal
repetitive control problem is directly related to the sensitivity improvement part of

the overall sensitivity improvement (cascade repetitive) problem.

Remark 4.4.1 (equivalence to the sensitivity improvement problem) The sen-
sitivity function of the direct design and the sensitivily improvement term of the cas-
cade design are both given by §:=1- mymq, see (4.27). Furthermore, the com-
plementary sensitivity function, T := mymq, of the direct design is the “robusiness

reduction” term for sensitivity improvement design, see (4.24).

In other words, any given choice of weights and the corresponding solution to Theo-
rem 4.2.1 has two distinct, but essentially equivalent, interpretations. Thus, we can

study the achievable performance for both formulations simultaneously and without

distinction.
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Recalling that §(s) := —F,(s)L(s) and the definition of C(s) from Theorem 4.2.1,

we have

a(s) := m(s)C(s) = m(s)C(s) = ~Eals) = ﬂgiﬁz)q ol (4.38)

which has a simple repetitive structure. The unique property of this H* optimal
repetitive controller is that §(s) is non-minimum phase. The rational filter block
—E.,(s) is, strictly speaking, both unstable and non-minimum phase, however under

the approximation E,(jw) ~ —E, ~ —1, we recover the simple repetitive structure

of Figure 17 with Q(s) = §(s).

Remark 4.4.2 In general § may actually be unstable (due to the possible instability
of L), however in practice, whenever E,(jw) = —E, ~ —1, the corresponding L will

be stable, ensuring the stability of § (see Remark 4.3.9).

Actually, L(s) typically turns out to be stable even when E,(jw) ~ —E, = —p, where
0 < p << 1. To see why this is the case we examine the gain margin for the direct

H®* optimal design problem, under the approximation E,(jw) ~ -E, =—p.

Remark 4.4.3 Strictly speaking, §(3) s unstable iff L(s) has an unstable pole that
is distinct from all of the poles of Wl(-s), i.e. all of the gy, kK = 1...n,, see
Theorem {.2.1. However, in practice the poles of L(s) are distinct from the n with

probability one.

Thus, in order to be excruciatingly correct, we state the lemma in terms of the

technical conditions on the instability of §.
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Lemma 4.4.1 (Gain margin for E,(jw) ~ —E, = —p, 0< p < 1) Whenever L(s)

-1

has an unstable pole distinct from all of the g, k= 1...n4, p~! is the positive gain

margin of the direct design, i.e. the system is unstable for b(s)P(s) = m,(s)/p.

Proof: The free parameter § € H® (4.22) parameterizes all stabilizing controllers,
i.e. the closed loop system is stable iff §(s) € H®. Considering Figure 16, it is clear
that if b(s)P(s) = 6m,(s), for some 6 > 0, then we must absorb & into C. Setting

E.(s) = —p and absorbing § into {(s), we have

a\ —pbRs)L(s)

) = T Gym(s) () L(s)' (4.39)
Solving for §(s) from

. C(s)

qs) =1 T )mE)00) (4.40)
we have

o —pbFy(s)Ls)

)= Ty Gm(o) (L) T = 7B) Ay
Clearly, for 6§ = 1/p we have §(s) = —F,(s)L(s), which is not in H* under the

conditions stated. O
Thus we see that for any design with any robustness at all, whenever E.,(jw) ~

-~

—~E, ~ —1 the corresponding L(s) will indeed be stable.

Remark 4.4.4 When the sensitivity improvement problem is taken to be a two part
design procedure (i.e. q,(s) is not part of a pre-existing design), the nominal design
can be taken to be the solution of the direct H® optimal repetitive control design

problem under the approzimation E.,(jw) =~ —E, ~ —1, by letting ¢a(3) = §(s).
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4.5 Two Step Repetitive Controller Design Procedure

The design methodology used in this chapter is a multi-step methodology which in-
cludes, in general, the design of an initial stabilizing controller, d(s), an approximate
inversion filter (compensator), b(s), and the design of a robustly stable H* opti-
mal repetitive controller, In the sensitivity improvement problem there may be an
additional step to design the initial repetitive controller, unless the nominal design
already physically exists. In this section we: take a closer look at the methodology,
look at the interaction between the design of the various elements, and break the
methodology down into two primary steps that are largely independent.

The design procedure consists of the following two steps:

1. Design the initial stabilizing controller, d(s), and the approximate inversion

compensator, b(s).

2. Design the H*® optimal controller for the equivalent plant, m,(s)m(s), using

Theorem 4.2.1 (for either a direct or a cascade design).

The first step includes all of the finite dimensional filter (compensator) design, while
the second step includes the infinite dimensional design that obtains the repetitive
performance. It should be noted that there is nothing unusual about the controller
approximately inverting the plant over the performance region. Indeed, approximate
inversion in the performance region is inherent to optimal control and is the basis
of the “Dynamic Inversion” design methodology [10, 26), which extends the con-

cepts and techniques of H* and p-syntesis to systems with nontrivial nonlinearities.
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Furthermore, the two steps are essentially independent, with the only connection
being the requirement that {[(bP — 1)Q||cc < 1 (see Lemma 4.1.1) to ensure sta-
bility under approximate inversion, where Q(3) = g(s) for the direct design and
Q(3) = ¢q(8) := gn(s) + {1 — m,(s)m(8)gn(s)} G(s) for the cascade design. The finite
dimensional problems involved in Step 1 are not the subject of this chapter, but a
few comments are in order about Step 1 and the interaction with Step 2.

It may be desirable to complete step 2 first so that one knows how accurately the
plant must be approximately inverted, and over what region this accuracy is required.
On the other hand, the relative difficulty of achieving accurate inversion over a given
region should be taken into consideration when designing @(s). The design of the
initial stabilizing controller, d(s), and the approximate inversion compensator, b(s),
is highly coupled, i.e. the choice of d(s) has a dramatic impact on the ease with which
the resulting stable plant P(s) can be approximately inverted over the performance
region. Obviously, d(s) and b(s) should be chosen to minimize their combined order,

subject to the constraint of obtaining adequate inversion over the performance region.

Remark 4.5.1 If at all possible, the initial stabilizing controller, d(s), should be
chosen so as not to introduce right half plane (RHP) zeros in P(s), i.e. d(s) should
be stable. The problem of finding stable controllers is known as the strong stabilization

problem, see [22].

Recall, see [22], that strong stabilization is stabilization by means of a stable con-
troller. It should be emphasized that this principle holds true whenever one is using

initial stabilization to be followed by any control technique, since non-minimum phase
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plants are universally troublesome with respect to control design.

4.6 Weight Selection

In general one selects the performance weight, W, (8), to be large at frequencies where
good performance is required (typically “low” frequencies) and the robustness weight,
Wg(s), to be large at frequencies where the plant uncertainty is large (typically “high”
frequencies). Note that when one is considering the sensitivity improvement problem,
the “performance” weight may be better described as the “performance improvement”
weight. In this section we address the special issues involved in selecting rational
weighting functions that result in controllers that provide repetitive performar;ce.

In order to obtain repetitive action, it is important that the robustness weight
be essentially flat over the performance region. To understand why this is important
recall that for repetitive action to occur we must have nearly identical phase and
gain characteristics at a number of discrete frequencies uniformly distributed over
the performance region. In particular, we require §(jw,k) = 1, k£ = 1...n for both
the direct and cascade design problems, see Remark 4.4.1 in Section 4.4. The choice
of the performance weight is a little more subtle. While the choice of a constant
performance weight would be desirable with respect to having perfect phase properties
over the performance region, the resulting H* problem is ill-posed. The next closest
thing, with respect to constant phase, is to place a very sharp spike at one of the
harmonics (kw,). This “key” harmonic should be chosen to be an especially important

“high” frequency harmonic. The generic weight structures for obtaining repetitive
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performance are

8% + 2(awys + w,f s+ ag

Wi(s) = 8% + 2(qwps + wi and Wi(s) = Itz

o (4.42)

In order for the resulting design to provide repetitive behavior, it is necessary that
the effects, including phase, of the single spike in Wl(s) be localized to just the single
harmonic. This is accomplished by selecting (, sufficiently small. Note that given
(s > (4 sufficiently small, we have 74 (jw) = 1, outside of a small frequency band

centered around w = wp. Thus, we have

ey (Palmw)WGe) ) s
(o) = (2] 1) ~-E, (4.43)

which implies that E,(jw) ~ —E, is automatically satisfied whenever W, is selected

to obtain repetitive performance. The spike height, which is proportional to {,/(4,
must be very large before the resulting controller will provide repetitive action, see
Section 4.7. Thus, (4 must be selected to be sufficiently small compared to (, so that
adequate spike height is obtained. Turning our attention to the robustness weight, a,
determines the boundary (design trade-off) between the performance region and the
uncertainty region and b; > a; is chosen such that sufficient high frequency robustness
is obtained. This leaves K3 as the only remaining free parameter. Thus, K is selected
such that E., ~ 1. This must be done indirectly through the impact of K; on the

design measure 4.
Remark 4.8.1 For any Wy(s) defined by (4.42), we have E, =1 — 472,

Substituting the generic form of 74 (8) into the definition of E.(s), we see that

#t = 1)+ 4wl = 1)

4,44
34+...+wg ( )

E,(s)=
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Thus, E,(0) = E,(0) = (v2 — 1) = —E,, so that E,(jw) ~ —E, ~ —1, precisely
when 7~% & 0, i.e. when v >> 1. Consequently, it follows that K; should be chosen

such that v is large.

Remark 4.6.2 When E,(jw) = —E, ~ —1, we get F,(s) ~ y{Wa(s)}~1. Further-
more, a reduced order F, of this form must be used whenever E,(s) is replaced by —1,

to prevent significant reduction in performance at the ‘key” harmonic w,.

The general form of the reduced order approximation for F., follows directly from
substituting £, ~ —1 into the definition of F.,, see Theorem 4.2.1. In particular, with

W(s) replaced by Wa(s), we have

G (—8)Gr(s) := (1 - (M@fl - 1) E,) . WT(:};W;)‘ (4.45)

Substituting this expression into the definition of F.,, we have
ni

(e — Y (e —8) =
7(3)1}];(” +8) Wz( )H (et 9) ~ 1{Wa(s)} (4.46)

since the inner function defined by the 7, has highly localized phase properties. In

practice there are, typically minor, perturbations to the zero of Wg(s), as it becomes
a pole of F.(s), and corresponding perturbations to the gain constant ~/K;, see

Section 4.7.

Remark 4.6.3 The resulting reduced order repetitive controller parameter, §, is a
second order, stable, non-minimum phase, rational transfer function providing clas-

sical repetitive action, i.e. § = 1 in the performance region.
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An interesting feature of § is that the resulting performance is “centered” around wj,.
That is, S(jw) := 1 — m,(jw)m(jw)d(jw) is smallest (provides the best performance)
at w = wy and increases (provides decreased performance), almost symmetrically, at
the higher and lower harmonics (at least for “nearby” harmonics). This symmetry
property is a natural consequence of the symmetry in the definition of W,. Similarly,
the symmetry of the performance breaks down as we move away from w,, since the

effects of the robustness weight become more and more asymmetrical.

Remark 4.6.4 While m,(s) significantly impacts the achievable broad band repetitive
performance, see Remark 4.3.3, it does not significantly impact the outer factor, F.,,

of the repetitive controller parameter, § := —F., L, see Section 4.7.

The direct explanation for this phenomenon is that m, has little effect on 5. There
are two parts to the explanation of why m, has little effect on 4. First, W, is selected
such that E‘., ~ 1 = 4 >> 1, which tends to dominate any impact of m, on 7.
Second, we are really only demanding good performance at the single harmonic, w,,
and my(jwy) is just a simple phase shift that is easily inverted by the inner part (L)
of the non-minimum phase repetitive controller parameter, § := —F.,,L. While L can
easily invert m, at a single frequency, it cannot invert m, completely since § := —F,L
must be stable. Thus, even though m, has little effed: on v (or the performance at

wy) it does reduce, often significantly, the performance at the other harmonics.

Remark 4.8.5 The extension of the above to higher order weighting functions is

obvious, and could potentially achieve better broad band repetitive action, particularly
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for the non-minimum phase case. The costs of higher order weights are higher order

controllers and increased numerical difficulties.

The primary complication, with respect to weight selection, when using higher order
weights, is choosing the appropriate relative spike heights to obtain the desired broad
band repetitive performance. For all practical purposes, the required relative spike
heights would have to be determined by trial and error. Numerical difficulties come
from the fact that calculating the H* optimal solution using Theorem 4.2.1 involves
polynomial operations (such as root finding) that tend to become ill-conditioned as

order increases.

Remark 4.6.8 The numerical difficulties (such as those encountered in Chapter I1I)
associated with the delay term m(s) := e~*T are greatly reduced due to the fact that
all of the Bi (see Theorem 4.2.1) are nearly on the imaginary azxis, thus keeping the

m(Bi) from getting ezcessively large.

The fact that the 8y (zeros of E.,) are very close to the imaginary axis is a direct
result of the generic form chosen for Wi, see (4.42). This is most fortunate because
if any of the 8 had significant real parts then it would be impossible to calculate
the solution to the two-block H*® problem of Theorem 4.2.1 without resorting to

multiprecision, as the sixteen decimal digits of precision available in MATLAB would

not be sufficient.

Remark 4.6.7 In an approzimate sense, the above design procedure reduces to se-
lecting the key harmonic, w,, and the approzimate form of F,, via Wa, and calculating

the corresponding optimal inner function L.
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This view of the design process raises the possibility of choosing W, to be proportional
to the inverse of a higher order unity-low pass filter. However, even a higher order
Wg would tend to exacerbate the numerical difficulties due to Wl having poles (and
zeros) near the imaginary axis. Furthermore, excellent sensitivity improvement can be

obtained using a second order (single spike) W; and a first order W, see Section 4.7.

Remark 4.6.8 The reduced order solution, to either the sensitivily improvement or
the direct H® problems, is parameterized by § := —F, L, where the outer factor, F.,,
has the same order as Wy and the inner factor, L, has order one less than the order

Of W].

In other words, while for a single spike Wi, L is only first order, L would be third order
for a two spike formulation. In this chapter we only consider the simple, minimum

order, weights defined by (4.42).
4.7 Numerical Examples

In this section we will look at some numerical examples illustrating the above design
techniques. We will focus our attention on the second step (the repetitive design),
since the first step (approximate inversion) is a relatively simple and fairly well un-
derstood rational filter design problem. For a given robustness requirement we will
look at the specific weighting functions that provide classical repetitive action, i.e.
E. = 1, see Remark 4.3.10 in Subsection 4.3.3.

Consider the solution of the two block problem of Theorem 4.2.1. The corre-

sponding §(s) gives the solution to the sensitivity improvement (cascade repetitive)
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Figure 21: Bode magnitude plots of W, and W,.

problem, see Definition 4.3.4 in Subsection 4.3.1, and C(s) is the solution to the direct
H®> optimal repetitive control problem, see Definition 4.4.1. The two problems are
completely equivalent, see Remark 4.4.1, in that the sensitivity improvement term,
§:i=1- mymdq, is precisely the sensitivity function for the direct problem. Thus
the achievable performance of the two problems may be investigated simultaneously,
with W; and W; replaced by W; and W, in Theorem 4.2.1.

Let the fundamental frequency of the periodic signal, to be tracked and/or re-
jected, be w, = .52%¢ = m(s) = e~*™. Let the “key” harmonic be the sixth har-

monic. Finally, let the high frequency robustness requirement be that we must have

10dB of robustness by around 100-:"7:. We now select the parameters of the generic
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weighting functions, defined by (4.42), to satisfy these design requirements. Since
the key harmonic is the sixth harmonic, we have w, = 6w, = 3%. We find that
(n = .005 adequately isolates the phase to the sixth harmonic. Setting {4 = .000005
gives a spike height at w, of 20log({./{s) = 60dB, which is sufficient to obtain
controllers with repetitive action. This completes the selection of the performance
weight W;, see Figure 21 . Now for the robustness weight, W;, we find that select-
ing a; = 10.5 and b, = 43 gives a high frequency to low frequency gain ratio of
about 12dB, see Figure 21, and reaches the high frequency level by 100%. Letting
K, = 40 gives IWQ( jwy)| = 10.13366, which approximately determines . The reason
that |W,(jw,)| approximately determines ¥, is that [W;(jw,)| = 1000, which implies
that |S(jw,)| = 0, which in turn implies that [T(jw,)| = 1. Thus, at w = w,, the
performance is, almost solely, determined by |W2( Jwp)|. Since this point is the “most
challenging” point, the performance achievable at this point determines the overall

optimal performance, 4. The resulting weighting functions are

s+ 10.5
s+43 °

$24+.035+9

() = 73000035 + 9 (4.47)

and Wa(s) =40

W

For simplicity we will consider plants with only one right half plane (RH P) zero.

Let z, be the lone RH P zero of P(s), giving

my(s) = :;z:, where 0 < 2z, € R. (4.48)

The “optimal performance” measure, 4, turns out to be essentially independent of z,
where the quotation marks are to emphasize that the optimality is with respect to

the solution of Theorem 4.2.1 rather than the underlying repetitive control problems,
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Figure 22: Localized non-constant behavior of E,(jw) near w, = 3%.

see Remark 4.6.4. In particular, the effects of m, on v are not seen in the first
seven significant digits. Thus the seven significant digit approximation to 7y given
by v = |Wa(jw,)| ~ 10.13366, is not effected. The RHP plant zero has so little
effect on <, because 7 is essentially determined at a single point, and is very large,
see Remark 4.6.4. Thus, we have E, = 1 — 472 ~ 0.99 ~ 1, see Remark 4.6.1. A
detailed blow-up of the highly localized non-constant behavior of E.,(jw) is shown in
Figure 22.

While 7 is not significantly impacted by the RH P plant zero, zp, the broad band
repetitive performance is dramatically impacted for certain zero locations. Since 7 is

effectively independent of m,, so are E, and F,. Thus the effect of m, is manifest
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Table 1: The RHP zero of L, z, and sign of L(s) vs. the RHP plant zero, z,.

2, | 0 | 0.5 | 0.60 | 1.50 | 3.00 | 6.00 | 15.0 | 60.0
zL u0.3121 0.1613 | 31.915 | 7.9708 | 3.6968 | 1.9116 | 0.9315 | 0.4646

L(S) z,—8 z1 —8 3—27 S~2r 8=2r, 8=2i 8—~21 8=2Zr
zr4s 2148 atz2; st2; stzy 8421 42y 8425

solely through the inner controller parameter L. Recall that since W, is second order,

L is first order. In particular the first order inner controller parameter L is given by

S -

L(s) = :1:8 . where 0 <z, € R (4.49)

and z;, is the lone RH P zero of L. Both the sign of L(s) and the RHP zero, zr,, vary
as functions of the RH P plant zero, z,. The variations of L(s) for various values of
2p are shown in Table 1. Note that the sign is “~" for z, < wp = 0.5 and “+” for
2, > wp = 0.5. The controller parameter L is not the only thing dramatically impacted
by RHP plant zeros. The number of harmonics at which “good” performance is
obtained is a very strong function of the RH P plant zero location, z,.

Recall that the sensitivity improvement term, § = 1—m,m{, of the cascade design
is precisely the sensitivity function of the direct design, see Remark 4.4.1. Thus the
performance of both designs can be investigated simultaneously. The performance, as
measured by attenuation in dB, is shown in Table 2 at the first fifteen harmonics for
the full order/complexity case, see Figure 18 for cascade and Figure 20 for direct H*°

optimal repetitive control. Note that for minimum-phase plants (2, = 0), we obtain

good broad band repetitive control. Indeed, there is strong attenuation at the fifth
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Table 2: Full order/complexity case: Performance, measured in harmonic attenuation
(—20log |S{jwok)|, k=1...15) in dB, and the corresponding RHP controller zero,
zr, for various RH P plant zeros, z,.

2y Harmonics zr,
21314 |56 [7[8]9]10}11[12(13|14]15
0 |-0|5[10]15)22)|74|24|19(16{14)12|11{10] 9 [ 9 |.312
A5 (-116 1015122 |74 {24[{19]16)14|12[11[10] 9 | 9 |.161
6 [-4]1[5]10)17)74|18}13}j10[ 8 |7 |6 [5 |43 |39
1.5/-5|-4{-0]4 11|74 |11|6 [4[2]0|-1[-1]-2(-2]7.97
J |6|-4]-2{2(8|74|9]|4]|1[|-0]-1]-2/-3]-3]-4]3.70
6 |-6|-4{-1{3[9[74]11]5|2]]1 -1[-2]1-3[-3]1.91
156 |-51-2(2[7 |14]|74|15{10} 7|35 932
60 |-3| 2| 7 [12|19(74|21]15|12]10 8 [7]6]5].465

O] —
(3]
—
-
S

through eighth harmonics and significant attenuation at the third through thirteenth
harmonics. The performance, like the sign of L, is not significantly effected for 2, =
15 < .5 = wy. However, as the RHP plant zero increases past the first harmonic,
the “performance region” starts to shrink, reaching a worst case at z, = 3 = w, (the
sixth harmonic). The worst case performance region is very narrow, with significant
attenuation at only the sixth harmonic. Clearly, such performance can hardly be
called repetitive. As z, is increased further we slowly begin to recover repetitive
action. Finally, at 2z, = 60 = 20w, we have recovered most of the minimum phase
performance. However, while at 2, = 0.15 = w, /20 we have no significant performance
degradation, at z, = 60 = 20w, there is noticeable performance degradation.

The Bode magnitude plot of S is shown in Figure 23. Note that while all of the

spikes (notches) appear to line up pretty well with the harmonics, the downward
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spikes in the plot are considerably deeper than that predicted by the actual harmonic
performance shown in Table 2. The only exception to this is the sixth harmonic, at
which the spike is perfectly centered. The “focus” achieved at the sixth harmonic
is a direct result of the spike in the performance weighting function, W,. This phe-
nomenon also illustrates a fundamental question in repetitive control: how to get
the spikes to line up well at all of the important harmonics? There is no simple or
uniformly applicable answer to this question, i.e. it cannot really be done. There
are some approaches which have had some success in improving the situation which
consist of breaking up the delay term, m(s), into components whose product is m(s),
see e.g. [84]. The idea behind these methods is to try to improve the phase matching
at the harmonics. The critical role of phase matching in achieving good repetitive
performance (lining up the spikes at the harmonics), is exactly what makes repetitive
control so difficult for non-minimum phase plants.

The problem with non-minimum phase plants is best illustrated by looking at
the worst case example, z, = 3(= wp), see Table 2. It is quite clear from the data
in the table that there has been a dramatic decrease in actual performance. It can
be seen from looking at the plot of § (jw) = 1 ~ my(jw)m(jw)g(jw), for z, = 3,
see Figure 24, that this decrease is due to an increase in the error in the location of
the spikes (again with exception of the sixth harmonic), rather than a change in the
depth of the notches. In fact, this time the deviations in the spike locations from
the harmonics can be easily seen with the naked eye. The spectrum is centered at

the sixth harmonic, w, = 3rad/sec, and all of the other spikes are closer to the sixth
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Figure 23: Bode magnitude plot of S(jw) = 1 — m(jw)g(jw), i.e. my, =1 (2, =0).

3 4 ]
Frequency in Radians per Second

Figure 24: Worst case (zp, = 3) Bode magnitude plot of S.
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Figure 25: Bode plot of [T(jw)| = |§(jw)].

harmonic than they should be. Note that there is also an extra downward spike prior
to the first harmonic that appears in both of the performance plots. This extra spike
is of little practical interest and causes no harm.

Robustness must be addressed separately for cascade and direct designs. While
the complementary sensitivity for the direct design is given by T := mymg, the overall
complementary sensitivity of the cascade design is given by T = T}, + S, T, see (4.24).
Thus, the overall robustness of the two designs will be very similar if ¢,(s) is “small”
before §(s) gets “small”. However, at low frequencies, where |TF(jw)| ~ 1, T exhibits
wild oscillations due to the scaling of 7' by the nominal repetitive sensitivity function
Sp :=1 — mymgy. The robustness of the direct design, for the minimum phase case,
is shown in Figure 25. The robustness is exactly what one would expect from looking

at the Bode magnitude plot of the robustness weight, Wa, see Figure 21, i.e. roughly
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a scaled version of W;1. Note that |F(jw)| := |m,(jw)m(jw)G(jw)| = |§(jw)|, thus
this plot is valid for all z,.

In order to more carefully examine the overall robustness of the sensitivity im-
provement (cascade repetitive) design, we must specify a particular nominal design,

¢n(8). Consider the common fifth order low pass filter formula

1
(s) = . 4.50
() (w-‘—c+1)(£-+2cos '2”i+1)(§£ +2cos.4rt +1) (4.50)

To maké gn(8) “compatible” with the current design formulation, i.e. so that the
overall design will meet our robustness requirement, let w. = 107. The corresponding
Bode plot is shown in Figure 26, while the bode magnitude plot of the overall comple-
mentary sensitivity function for the cascade design is shown in Figure 27. Notice that
the —10dB point has shifted up from about 80% for the nominal design to about
120?;:—;‘- for the cascade design. This trading of high frequency robustness for improved
performance is characteristic of the cascade design process. However, in this case we
see a dramatic improvement in performance (at least when m(s) doesn’t cause too
much trouble) with only a slight decrease in robustness as measured by the 10dB
attenuation frequency.

We now turn our attention to the problem of obtaining reduced order/complexity
approximations to the controller parameters, E,(s), F,(s), and L(s). As we saw
above, E,(s) can be well approximated by —1, except in a highly localized area
around w, = 32%¢, E.,(s) is anything but constant in this highly localized region,

see Figure 22. This might lead one to (correctly) conclude that the performance at

the sixth harmonic would be severely effected by setting E,(s) = —1. The resulting
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Figure 26: Bode plot of the fifth order nominal repetitive design parameter, g,(s).
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Figure 27: Bode magnitude plot of T' = T}, + ST for the cascade design.
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Table 3: Full order F., with constant E, ~ —1: Performance, measured in harmonic
attenuation (—20log|S(jwok)|, £ = 1...15) in dB, and the corresponding RHP
controller zero, 2z, for various RH P plant zeros, 2,.

Zp Harmonics 2L
1{2]3(4}5|6] 7|89 (10]11(12}13|14{15

0 |-0f5|10(15(|22|-7124]|19116|14|12 11|10} 9| 9 |.312
A5 -1 (5110|1522 |-T|24119|16|14|12(11 |10 9 | 9 |.161
b6 |-411]5(10{17}-7119(13|10({ 8|7 1615 |4 (3]|319
1.5|-5(-3{-0{4|10({-6[12[T7T (4 (2}0][-1]|-1]|-2|-2]|797
3 |6|-4]1-2{2 861041 ([0(-1]-2|-3|-3|-4]3.70
6 (6|-4-1|139|-6/11|513|1]|-1]-1}-2]-3]|-3]1.91
15(-5]-212|7|14]-6(15|10}7}5]3]|]2[1]1)0].932
60 |-3|1 2|7 12[19]-7[21|15]12|10| 9 |8 |7 |6 |5 |.465

performance, for E,(s8) = —1, is shown in Table 3. Recall, see Remark 4.3.8, that for
E,(s) = —1, we have § = § = § = $ and the simplified cascade repetitive structure
of Figure 19, where § := —F,, L. By comparing the data in this table with the data
for the full order case shown in Table 2 it is clear that there is little effect at the other
harmonics, but that the performance of the sixth harmonic has been destroyed. The
good news is that the performance of the sixth harmonic can actually be restored,
and then some, by making the appropriate cancellations in F,(s).

Recall that there are structural cancellations that occur in forming the product
E.,(s)F,(3), see Subsection 4.3.2. Thus, it is not surprising that making a reduced
order approximation to E,(s), without making the corresponding reductions in F,(s),
would lead to localized errors. What is somewhat surprising is that when the reduc-

tions in F,(s) are made, the performance is actually improved at the sixth harmonic
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(and is preserved elsewhere), see Table 4. Recall that F., = ‘yW{l, see Remark 4.6.2 in
Subsection 4.3.3. While this formula could be used directly to obtain a reduced order
approximation for F,, a direct approximation of the full order F., was used instead.
The direct approximation was obtained by extracting the pole and zero of F,,(s) that
were not near w,, and keeping F,(0), i.e. the DC gain, constant. In particular the

reduced order approximation used in Table 4 is

s+43

F.,(s) ~ 02545m

(4.51)

Since the value of v, to seven significant digits, is the same for all 2,, see Remark 4.6.4,
the approximation (4.51) is very similar to what one would obtain from the approxi-

mation formula. Specifically, the formula gives

s+43 -
s+10.5

Fy(s) ~ v{Wy(s)}~* ~ 0.2533 (4.52)

The two approximations give essentially identical performance everywhere except at
the sixth harmonic. At the sixth harmonic, w, = 3%, the approximation (4.52),
using the formula, gives only 58dB of attenuation. Clearly, the approximation used
constitutes the better design. However, it seems likely that the approximation (4.52),
using the formula, is more accurate, where by more accurate we mean that it cor-
responds more closely to the “optimal” solution of Theorem 4.2.1. That is, since
v & |Wa(jw,)| ~ 10.13366 and 20log |¥;(jw,)| = 60dB, the resulting attenuation
at w, should be just a little less than 60dB. Thus, it appears that the solution we

obtained from the Theorem 4.2.1 suffers from minor numerical errors and is “subop-

timal” in the sense that the performance is not really flat, but actually has a rather
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Table 4: Reduced order F, with constant E, ~ —1: Performance, measured in
harmonic attenuation (—20log |S(jwok)|, £k =1...15) in dB, and the corresponding
RHP controller zero, 2z, for various RHP plant zeros, z,.

Zp Harmonics 2L,
1123|456 |7|[8[9(10{11]12{13]14](15

0 [-0{5]10(15]22]103|24|19(16|1412]11(10]| 9 |9 |.312
A5(1-1]15|10{15(22}103 |24 |19 (16|14 (121110} 9 | 9 {.161
6 (411|565 |10]17[103 1913|108 |7 |6 ]| 5|4 ]| 3|39
1.5{-5|-3|-0|4|11]103}12] 7 4|2 [0 |-1|-1]-2]-2]7.97
3 |6|-4}-2]2|8[103]10{4 |1 |-0}-1}-2}-3]-3{-4]3.70
6 |6]4(-1j3|9{103|11|5 (21 [1]-1[-2]-3]-3][1.91
156 (-5(-2] 2|7 |14[103]15(10| 7 {5 (3|2 |1 ]|1]0].932
60 |-3]12|7]12}19]103(21)15]12|10]9 |87 |6 ]| 5 |.465

significant highly localized spike at w,. However, this is a “happy” suboptimality in
that the performance is actually befter than it “should” have been.

Thus the final designs, using the constant approximation E, &~ —1 and the re-
duced (first) order approximation (4.51) for F.,, have a second order § as the only
rational component (except for m,, if the plant in non-minimum phase). The result-
ing cascade repetitive control design has the simplified structure shown in Figure 19.
The direct H* optimal repetitive control design has the simple repetitive structure
shown in Figure 20, where the “—F(s)” block has been eliminated by the approxi-
mation E, ~ —1. In Table 5 we give the performance for the minimum phase case
for both the direct and cascade designs. The direct design has only a single delay
element, m(s), and a single second order rational element, §(s). The cascade design

uses the nominal repetitive design given by g¢,(s) as defined by (4.50). Thus the
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Table 5: Final reduced order/complexity designs: Performance, measured in harmonic
attenuation (—20log |S(jwok)|, & =1...15) in dB, minimum phase case, 2, = 0.

Harmonics
11213145656 |7 |8[9(10)1112[13(14(15
Direct |-0] 5 |(10}15{22(103 |24 (1916|1412 |11 |10 9| 9
Cascade | 42 |41 |43 |45 (50| 130 )49 |43 |39({36 (33 (3230|2927

overall cascade repetitive controller has two delay elements, m(s), and three rational
elements, g,(s) twice and §(s), giving a total order of twelve. However, if the add-on
nature of the controller structure is not required, e.g. if g.(s) is not a pre-existing
design, then the roles of ¢,(s) and §(s) can be reversed, resulting in a total controller
order of only nine.

The performance of the cascade design is truly outstanding. However, while the
direct design provides fairly good broad band repetitive action (i.e. good attenuation
at several harmonics), it does not provide good performance at the fundamental
frequency, wp. Thus, this particular direct design would be unacceptable for any
practical a.ppiication. There are three different ways in which the performance of
the direct d.e;sign at wp could be improved. First, one could simply move the “key”
harmonic, wp, closer to wy, €.g. w, = 3wy = 1.5?:;—:. Second, a higher order robustness

weight could be used, see Remark 4.6.7. Finally, a higher order performance weight

could be used with one spike at, or near, the fundamental frequency and another at

a higher frequency.
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4.8 Conclusions

In this chapter we have seen that the repetitive performance with robust stability
control design problem can be reduced to the solution of two, lightly coupled, design
problems: a finite dimensional rational design problem, which stabilizes and approx-
imately inverts the plant, and an infinite dimensional two-block H* optimal control
problem which provides repetitive performance with robust stability. The solution of
the resulting infinite dimensional two-block H* optimal control problem was shown
to have two interpretations: one as the solution to a sensitivity improvement formula-
tion, which results in a simple cascade repetitive structure, and the other as a direct
H® optimal repetitive control formulation.

The general structure of the two degree of freedom controller formulation is shown
in Figure 15. The initial stabilizing controller, d(s), represents the first degree of free-
dom and “performance” controller, C(s) = b(s)a(s), represents the second degree of
freedom. The compensator, b(s), approximately inverts the plant, while the repeti-
tive controller block, a(s), provides the repetitive action in a robustly stable manner.
The design of d(s) and b(s) constitutes the finite dimensional (or non-repetitive) por-
tion of the design and is not the subject of this chapter. However, the interaction
with the repetitive design is quantified in Lemma 4.1.1 and related design issues are
discussed in Section 4.5. The repetitive controller, a(s), is designed using the equiv-
alent system of Figure 16. The two figures are related by a(s) =: m(s)C(s) and
mp(8) = b(s) P(s) =: b(s)P,(s)my(s), where m(s) := e™°T is the pure delay associated

with repetitive control and P,(s)m,(s) is an inner-outer factorization of the stabilized
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plant, P(s). Note that the equivalent system of Figure 16 assumes perfect inversion
of the outer part, P,(s) of the plant. The effects of imperfect inversion are addressed
in Lemma 4.1.1 and Lemma 4.1.2.

The sensitivity improvement problem is given by Definition 4.3.3. The associated
simple cascade repetitive controller structure is shown in Figure 19. The choice of
weighting functions that yield this simple cascade repetitive structure is discussed in
Section 4.6." The direct H™ optimal repetitive control problem is given by Defini-
tion 4.4.1. The associated repetitive controller structure is shown in Figure 20. Note
that the same choice of weighting functions that yield the simple cascade structure
of Figure 19 leads to the elimination of the “—E(s)” block (under the approximation
E. ~ —1) in the direct H® repetitive controller of Figure 20. The solutions of the two
problems are equivalent in that the improvement in sensitivity achieved in the cascade
design is exactly the same as the sensitivity of the direct design, see Remark 4.4.1.
The solution of both problems is obtained from Theorem 4.2.1, which is a specialized
version of a much more general result due to Toker and Ozbay [95]. For properly se-
lected weighting functions, the solution of both problems is in terms of the unity-low
pass classical repetitive controller parameter, § := —F,(s)L(s), where L is as defined
in Theorem 4.2.1 and F, is a reduced order approximation, see Remark 4.6.2. Recall
that under the approximation E. ~ —1, see Remark 4.3.8, the sensitivity (improve-
ment, for the cascade design) is given by S(s) := 1 — my(s)m(s)d(s), which has a
classical repetitive structure. While Theorem 4.2.1 does not ensure the stability of

L(s), the above choice of weights does, see Remark 4.4.2. Thus, § € H*, which
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ensures stability of the closed loop system, see Remark 4.3.9.

A very interesting feature of the repetitive controller parameter, §, is that it is
always non-minimum phase. This is a novel feature of repetitive controllers resulting
from the two-block H* formulation of this chapter. The natural way that the non-
minimum phase structure of § arises from the H*® optimal formulation, suggests
that non-minimum phase repetitive controller parameters may, in some sense, be
“more optimal” for achieving robustly stable repetitive controllers. This possibility
has obvious implications for “classical” repetitive controller design. Furthermore,
the resulting repetitive controller structure has another novel feature (whenever the
plant is non-minimum phase) via the inclusion of my(s) in the feedback path of the
“repetitive part”, see Figure 20. Once again, the natural way in which this arises has
possible implications for “classical” repetitive controller design. Finally, the simple
cascade repetitive controller structure is a novel structure that can be thought of as a
means of robustly cascading two repetitive controller designs irrespective of how they
were obtained, see Remark 4.3.11.

The properties of designs using these procedures are explored in Section 4.7. The
sensitivity (improvement, for the cascade case), S (= 3 under E, = —1), of the two-
block H* solution is explored for first order my(s). The performance is investigated
for various locations of the single right half plane (RH P) plant zero. As expected,
see Remark 4.3.3, the existence of RH P zeros can significantly reduce achievable per-
formance, and the performance is most severely effected when the phase of m,(jw)

varies the most over the performance region. In particular, for a simple real RHP
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zero this occurs when the zero, z,, equals the “key” harmonic (center of the perfor-
mance region), wy, see Table 4. The performance of the direct design (improvement
of the cascade design) and the overall cascade performance, using a fifth order nom-
inal repetitive design (4.50), are shown in Table 5. While the direct design exhibits
unacceptable performance at the fundamental frequency (first harmonic), wy, this
is because the weights were really selected for the sensitivity improvement (cascade
repetitive) design. The performance of the cascade repetitive design is excellent and
indicates the power of the repetitive structure and the utility of the two-block H*
approach. Perhaps the most significant point about the direct design is that it proves
that H* optimal repetitive control formulations using rational weights will yield
controllers providing “classical repetitive action” (see Remark 4.3.10), for properly
selected weighting functions. This provides an indirect proof of concept for the robust

performance formulation of Chapter III.



CHAPTER V

Sampled-data Repetitive Control

In this chapter we propose a natural definition for sampled-data repetitive control as
satisfying a continuous-time tracking requirement and having a discrete-time repeti-
tive structure. We formulate an H* optimal sampled-data problem, which imposes
the continuous-time tracking requirement, and outline a procedure for obtaining con-

trollers with a discrete-time repetitive structure.

5.1 Approach to the Sampled-data Problem

We will consider sampled-data control design problems of the form shown in Figure 28,
where any required sampling pre-filters have been included in the generalized plant,
G. Figure 28 has the structure of the “standard problem”, see e.g. [24], where the

performance/robustness of the system is characterized by the transfer function T%,,.

Remark 5.1.1 The extension of standard problem to sampled-data control, see e.g.
[5, 46], can be thought of as control design using time-varying continuous-time con-

trollers of the special form H,CS,, where C is a discrete-time controller.

We assume ideal sampling, fixed zero-order hold, synchronized sample and hold

functions operating at the same rate, and zero computational delay. This common

104
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Figure 28: Basic form of the sampled-data problem.

approach, see e.g. [105, 82, 25, 19|, allows the use of the lifting technique based

approach of [5, 104, 4].

Remark 5.1.2 While the computational delay is never actually zero for any real sys-

tem, the approzimation may be reasonable for low order (e.g. repetitive) controllers.

The other main approach, a delay of one sample period, is addressed in [46]. Their
approach is also based on the lifting technique, but has several other significant differ-
ences in addition to the inclusion of a computational delay. The ultimate goal of the
lifting technique is to find an “equivalent” finite dimensional discrete-time system that
is norm preserving. Then, the equivalent discrete-time system can be used for norm
based discrete-time controller synthesis using the corresponding norm. Obviously, in

this dissertation we are concerned with equivalence in terms of the infinity-norm.
5.2 The Lifting Technique

The purpose of the lifting technique is to obtain a discrete-time system that represents
a sampled continuous-time system without any loss of information. The basic idea is

quite simple and is defined in terms of action on signals. Define a lifting operator,
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W,, that piecewise lifts continuous-time signals to discrete-time sequences of time

limited functions. The action of W, is illustrated in Figure 29 and is defined by
W, : L2[0,00) = lpspo.3;  fi=Wef, filt)= f(ri+t), 0<t<r,  (51)

where the function spaces L?[0,00) and Ifs - are defined in Appendix A. The lifting
operator can be thought of as a “generalized sampler”, which instead of sampling
just a single value of a function, samples the entire history of the function between
sampling instants. The lifting, W, converts time unlimited functions into infinite
sequences of time limited functions. The operator W, is invertible, where the inverse

operation is defined by
g=W1s gt)=at-m7i), Ti<t<7r(i+]). (5.2)

When W, is restricted to L?[0,00) C L?[0,00), it is an isometry, i.e. W 1W, is the

identity operator, and is therefore norm preserving.

Remark 5.2.1 The inverse lifting operator, W1, defined by (5.2) is noncausal. In-
deed, if it were defined to be causal, then W 'W, would be the unit delay operator

instead of the identity operator.

The purpose in defining the inverse lifting operator in this way is to use it in
turn to define a lifting of systems. The induced system lifting can be thought of as

a “similarity transform” of the original system under the lifting operator. The lifted

A

system, G, is given by

G = W,GW:1. (5.3)
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|
/ \\ - Lifting

Figure 29: Graphical illustration of the lifting process.

Remark 5.2.2 In [{6] Kabamba and Hara avoid the use of the inverse lifting operator

and obtain a much more complicated characterization of a discrete-time equivalent

(with respect to the infinity norm) system.

Since W, is an isometry only when it is restricted to LP[0,00), strictly speaking
the equivalent system is valid only for L?-stable G. However, by restricting the
domain of G (through feedback control) the output can be restricted to L?[0, o).
That is, if C stabilizes G in the hybrid system of Figure 28, then W, is an isometry
and the lifted system is well defined. For the problem to be well posed we must
have that the stability of F(H,GS,,C) implies the stability of F(G,H,CS,), where
the operator F is defined by Figure 28. By Theorem 4 of [34], the stability of the
two systems F(H,GS,,C) and F(G, H,CS,) is equivalent for all non-pathological
sampling periods, 7, for all finite dimensional linear time-invariant (LTI) generalized

plants, G.

Definition 5.2.1 (pathological sampling periods) Pathological sampling periods

are those sampling periods for which the continuous-time system has eigenvalues in
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C4 that are multiples of the sampling frequency or whose imaginary parts differ by a

multiple of the sampling frequency.

Thus the control problem for the lifted system is well defined and equivalent to the
original control problem for all finite dimensional LTI plants under non-pathological
sampling.

The “lifted” sample and hold operators, H, and S, are equivalent to M, and S,
with the appropriate changes in the range space of H, and the domain of S,. The

lifted sample and hold operators are defined by

H, : R* = LP[0,7]; Gy =H. i & w(t)=0x 0<t<7 and (5.4)
S, LP0,7] » RY; fu=8,5%x & ¥i=7(0). (5.5)

Remark 5.2.8 The superscripts are used to keep track of the space in which the
discrete-ttme variables live. For example, § denotes a real velued discrete-time vari-

able, while § denotes a function valued discrete-time variable.

We can now absorb H, and &, into the plant to get the system shown in Figure 30.

The new plant, G is given by

&= Gu  GieH, ], where [;]:G[

w
—— ~ r.3 A ~ A~ -~ * l6
$,Cn 8.CnH, i ] (5:6)

The mappings of the blocks of G are as follows:
Gu 1 LP[0,7] = L?[0,7], Gia:lpe — LP[0, 7], (5.7)

ég; : LP[O,T] — I]Ry, and Gzz : l]Ru — I]Ry. (5.8)
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Remark 5.2.4 Since 1w = W,w and 2 = W, z, we have
F(G,C) = W, F(G, H,CS, )W = || F(G,C)|| = | F(G, H.CS,)]|- (5.9)

Thus the control problem for this discrete-time system is equivalent to the control

problem for the sampled-data system of Figure 28.

s | G |

_____ c «— —

Figure 30: The discrete-time lifted problem.

5.3 The Discrete-time Equivalent for the H* Problem

For the details of the above development see [5]. The development in the preceding
section is completely general in that it is valid for all norms. When the norm is
the infinity-norm, the equivalent problem G is in turn equivalent to a finite dimen-
sional problem G, see [6]. The equivalence is with respect to internal stability and
IF(G, HrC8:)lloo < 1 & | F(G,C)lleo < 1. The finite dimensional equivalent system

is given by:

(i [B Y A 0 D
G:=(A,[B;],[cl 02],[0 0‘2]), (5.10)
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where the real finite dimensional matrices are defined in terms of finite rank operators

as follows: C"g 1= Cy,

/i. = CAT + él-bh [I - .bub;l] - é], (5.11)
, A & a ~ -1 a

By = B, D}, [I = DuDjy|™ Dia + W(r)By, (5.12)
o e [ ZH W D .

Bl i=1ipg 0 ’ and [ C] D12 ] = [ ECD 0 ] TC'Ds (513)

where U(t) := fj ef?ds = [; eAlt-2)ds,

Y A r -—1 A
T [ 5‘;)5 g]TB i= By [I- D}y Du|™ Bty and (5.14)
" 2 0 é* "~ .‘ —1 A "
TCD [ SD 0 ] TCD —_ [ ﬁ;lz ] [I—DuDu] [ Cl Dlg ] . (515)

The symbols with hats over them are finite rank infinite dimensional Volterra integral

operators, see e.g. [63], defined over the interval [0, 7] and their kernels are given by:
b(s) := e p,, a(s) = Cie??, dya(s) := C1¥(s)B; + D2 and
du (t, 8) = CIGA(t—‘)I(t - S)Bl + Dn(s(t - 8). (5.16)

Remark 5.3.1 The action of an operator, H, with kernel k(t,s) or h(s) is given by

Hf(t) = [T h(t,8)f(s)ds or Hf(t) = [ h(s)f(s)ds, respectively.

Ignoring the dimension of the vectors (matrices) in the domains and ranges, the
elements are mapped as follows: By : L?[0,7] = R, C;: R — R, Dy : L*[0,7] —

L*[0,7,] and Dy;: R —IR.
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Remark 5.3.2 The above characterization is in terms infinite dimensional, finite

rank, operators. In order for the formulation to be usable, the operators must be

ezplicitly evaluated.

This was done in [5] for the special case where D,; and D, are identically equal to

zero and the pairs (A, B;) and (A, C1) are controllable and observable respectively.

5.4 Sampled-Data Problem Formulation

In this section we define a notion of sampled-data repetitive control and formulate a
SISO H* optimal sampled-data repetitive control problem. In order to make use
of the above development, we must pose the problem in the form of Figure 28. For
maximum generality we consider two degree of freedom controllers. We formulate a
tracking problem, since there is no advantage to the two degree of freedom controller
for the disturbance rejection problem [102]. We pose a nominal performance problem
with a robust stability requirement. The formulation also provides an unspecified
degree of robustness with respect to the tracking performance. The resulting MIMO
H® problem has a very similar structure to the robust performance problem posed

in Chapter III for continuous time H* optimal repetitive control design.

5.4.1 Sampled-Data Repetitive Control

We propose the following formal definition for sampled-data repetitive controllers,
which corresponds to the purposes behind both repetitive control and sampled-data

system theory.
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Definition 5.4.1 (sampled-data repetitive control) A sampled-data repetitive con-
troller is a digital controller having a digital repetitive structure that satisfies a con-

tinuous time performance (tracking/disturbance rejection) requirement.

This definition is reasonable in that repetitive control is concerned with handling
a large number of harmonics with relatively low order (easily implemented) con-
trollers and sampled-data controllers are digital controllers designed directly to sat-
isfy continuous-time requirements. Previous works related to sampled-data repetitive
control do not satisfy Definition 5.4.1. In [40] Hara, et al. consider a digital repetitive
control problem where the reference signal is taken to be digital. The drawback of
this formulation is that a continuous system cannot precisely track a discrete signal,
even if the desired performance actually is of this form. They attempt to suppress the
inevitable intersample ripples through the use of a periodic hold function. In [55] the
authors take another indirect approach to sampled-data repetitive control that does
not satisfy Definition 5.4.1. They approximate the continuous-time requirements at
a sampling rate that is an integer multiple of the actual sampling rate, which does
not satisfy the first part of Definition 5.4.1. Furthermore, no mention is made of
attempting to recover a digital repetitive structure. Recall that the general structure

of digital repetitive controllers is

Clz) = % (5.17)

where ¢(z) and d(z) are rational functions and the integer L is at least twice the ratio
of the sampling frequency, f, = 1/7, to the fundamental frequency, fo, of the the

periodic input.
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Remark 5.4.1 The sampling rate, f,, must be chosen to be an integer multiple of

the fundamental frequency, fo, of the reference/disturbance signal.

If this condition is not satisfied, then it is not possible for a controller, with a “low or-
der” digital repetitive structure, to satisfy the continuous-time repetitive performance

requirement.

Remark 5.4.2 (order of digital repetitive controllers) Strictly speaking, the or-
der of digital repetitive controllers is always at least twice the number of harmonics
of interest, due to the term z~L. However, as a practical matter, it is the order of the
two rational functions, q(z) and d(z), that determine the computation time (ease of

implementation).

Indeed, if ¢(z) = d(z) = 1, then only one addition operation is required to implement

the controller defined by (5.17).
5.4.2 H* Optimal Tracking Problem with Robust Stability

The block diagram for the tracking performance problem with robust stability is
shown in Figure 31. The signals are labeled in accordance with the general structure
shown in Figure 28. The performance weight, W, represents the frequency distribu-
tion of the signal to be tracked. The robustness weight, Wa, represents the additive
uncertainty in the plant P. The sampling pre-filters, F} and F3, are included to en-
sure that the transfer function from any exogenous input to any sampled output is

low pass, which is necessary for the sampling process to be well defined. The H*
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tracking problem is to minimize the worst case tracking error, z;, due to two-norm

bounded input signals w;.

Remark 5.4.3 In the pure tracking problem a fictitious weight would have to be
placed on the control signal, u, to prevent the resulting “optimal” controller from
being improper.

In our formulation the stability robustness requirement places a weight on the con-
troller output,u, and takes care of this problem. The robust stability problem is to
ensure that the two-norm of the robustness output, z;(t), satisfies [|2,]|2 < 1, for all
inputs, ws(t), such that [|wy]|2 < 1. Thus, (T,w)1: represents the tracking problem
and (T, )22 represents the robust stability problem. The off diagonal terms of T,
represent an unspecified robust tracking requirement. Thus, solving for || T;u|le < 1
minimizes the tracking error while guaranteeing robust stability and an unspecified

degree of robustness with respect to the tracking requirement.

|
I I—‘——*'E yl|
w_{_-w r +_r)_,zl :G
|
, |
' [
: |

_____ —

Figure 31: Block diagram of the problem definition.

By inspection of Figure 31, it can be seen that it has the same form as Figure 28

with the generalized plant, G, given by

Gu Gn z w
= = 5.18
G [ Gn Cay l , where [ y ] G [ l (5.18)
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and the entries of G are given by

(w1 [P _[wR 0 o
Gll—[o O]QG12_[W2],G21—' 0 FQ]’G22—[FQP].(5-19)

Clearly, the presence of a low pass F; is necessary. The necessity of F; depends on
the form of W;. If W, is taken to be biproper, then F; must be low pass also. The
continuous-time performance/robustness requirements are characterized by the closed

loop transfer function T,,. For the problem defined by Figure 31, we have

1 Wi(l = PH(C3SF, — C1SF)) 1

Tw=T"PHCsh W, Wy(HC,SF,) Wa(HC,SF)

(5.20)

Remark 5.4.4 The diagonal terms are analogous to two of the three terms in the
continuous-time robust performance problem formulation given in Chapter III, see

Definition 8.1.1.

Indeed, ignoring the samplers, holds, and pre-filters and replacing C; by C, and
C; — Cy by C: the diagonal terms become precisely the first and third entries in
the vector H* problem of Chapter III, see Definition 3.1.1. These diagonal terms
represent the nominal tracking and robust stability, respectively. The off diagonal
terms represent additional constraints in the form of robust tracking requirements.
However, no specific level of robustness with respect to the tracking requirement is

guaranteed.

5.5 Discrete-Time Equivalent Problem

For (5.10) to be useful in design, explicit formulas for the associated matrices must be

derived in terms of the continuous-time system and performance weights. This was
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done in [5] for the special case where Dy, and D3 are identically equal to zero and
the pairs (A, By) and (A, C}) are controllable and observable respectively. None of
these assumptions hold for our sampled-data repetitive control formulation, defined

by Figure 31.

Remark 5.5.1 The characterization of the discrete-time equivalent system given in

[46] is completely general, however the computational complezity is prohibitive.

Therefore, in this section we directly extend the results of Bamieh and Pearson [5]
to the general case. The formulas given in [5] are a special case of these formulas
and can be recovered by substituting in Dy; = 0 and Dy, = 0. The controllability
and observability assumptions are technical conditions related to uniqueness of the

solution for the special case considered there.
5.5.1 Explicit formulas for the general case

In this section we give explicit formulas for constructing the discrete-time equivalent
system from the continuous-time problem data for the general case. The two opera-
tors [I - f)ub{l] ! and [I - ﬁ{lﬁll]_l play very prominent roles in these formulas.
The kernels of these two operators are derived in this section. The derivations are
analogous to, but considerably more involved than, those in [5] for the special case
discussed above. Theorem 5.5.1 summarizes the required formulas and gives a suffi-
cient condition for their validity, which is a necessary condition for the solvability of
the associated H® control problem. The proof of Theorem 1 appears in Appendix D.

The kernels of these operators are most easily derived in the time domain using
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differential equation representations. Let h(t) := f)uu(t), 0 <t <7, then we have
#1(t) = Az (t) + Bu(t), k(t) = Ciz4(t) + Dyyu(t), 1(0) = 0. (5.21)
The adjoint operator, f){h 0 <t < 7, has the differential equation representation
#3(t) = —A"za(2) — CTh(t), f(t) = Biz,(t) + Di;h(t), z2(7) =0, (5.22)
where f(t) := ﬁ;‘lh(»t). Thus, y(t) := [I - f);lﬁll] u(t), 0 £t < 7, is given by
L8] =17 G0 ]+ T e [ 26)] =0
W= B DiC: |0+ - DuDwue), o= | 2 |
The inverse operator, R := [I - Dy, f)u] “1, exists whenever ||Dy;||o < 1, which is a

necessary condition for the existence of a solution to the H* control problem. When

the inverse operator, fi, exists it is the solution to the differential equation

#(t) = Arz(t) + Bry(t), u(t) = Crz(t) + Dry(t), 2(r) =0, z.(0) =0, (5.24)

where
A . | ~(A+BiDrD;,Cy)* —(CiCi + CiDu DD}, C1) (5.25)
B B\DpB; (A+ B,DrD},C1) ’ :
Bp = ngj‘ IDR, (5.26)
Cr:=—-Dgr[ Bf DGy |, and Dp:={I - D}Du]™. (5.27)

Let T'(t) := e4#!, If I';y(7) is invertible the solution is unique, otherwise any pseudo

inverse will give a valid solution. We use z(t) = e?r(t=%)z(to) + [, eAR(*=2) Bpy(s)ds
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(the variation of constants formula) to solve for the input, u(t), as a function of the
output, y(¢). Specifically, we get

-1 r
u(t) =Cg {_eAul [ Pllo(T) g ] j(; eAn(r-a)BRy(s)ds

t
+/0 eA“‘("")BRy(s)ds} + Dry(t). (5.28)

So, by inspection, we have that the kernel r(¢, s), of the operator R, is given by

-1
r(t,s) =Cr {—e““‘ [ PHO(T) g ] eAR(™=*) Bp 4 ARt~ Bp1(t — 8)}

+Dpb(t—3).  (5.29)

The derivation of the other inverse operator, Q = [I — Dy f);l] - , 18 quite similar
and only the pertinent definitions will be given. The action of the operator Q on a
function f(2) is given by Qf(t) = JT q(t, 8)f(s)ds, where the kernel g(t, s) is given by

-1
q(t,s) _ CQ {_eAqt [ TIIO(T) g ] eAq('r—a)BQ + CAQ(t—s)Bql(t _ 8)}

+Dgé(t —s), (5.30)

where
A= | —(A+BiD;DaC) —Ci DG, (5.31)
7| (B1B} + B\D;\DqDuB;) (A+ BiDiDCh) |
N
Bg :=  _B.D;, ] Dq, (5.32)

Cq:=-Dq | DuB; Ci |, Dg:=[I-DuD}]™, and T(t):= ", (5.33)

Once again, q(i, s) is a valid representation for Q if [|Dy]le < 1, and it is unique if

Yq1(7) is invertible. If Ty,(7) is singular any pseudo inverse will yield a valid ¢(t, s).



Remark 5.5.2 For Dy; =0, we recover the simple case of [5], i.e. we have

. | =AY -CICGy
N Y
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(5.34)

Theorem 5.5.1 (discrete-time equivalent, general case) If|| Dyl < 1 (a nec-

essary condition for solvability), then the finite dimensional state space representation

Jor the discrete-time equivalent problem (5.10) can be calculated directly from:

A = T22(T) - T21(T)T1-11(T)T12(T);

¥p 0

1/2
L5 ] , where Tj [ 0 0 ] Tp = Laa (7T (7);

B1=T5[ :

s | (®n(1) = Tar(7) T (7)B1a(7)) T
= [ (QZ:(T) = Ta(7) T3 (7)®12(7)) ] Bq — ¥(7)B,, where

=C1Dg Dy,

— . __, R _nL{.
BQ._[BHBID;IDQDIQ], and let By=:[BE -Bf|;

C,=C,; and [ ¢, Di ] = [ 210/12, 0 }TCD, where
. | Z 0 Cn C -
o[ %7 ] mo=[ & &2 = -t

Cra = =T3}(r) [ @u(r) ®ualr) | Bg, and

0

Cn = | B BS]{@(T)[T"‘:,(") 0]@(r)—n(r)}Bo+rDaDun;

and &(t) := /;T(s)ds, U(t) := j(;te“"d.s, and Q(t) := /: O(r)dr.

(5.95)

(5.96)

(5.97)

(5.38)
(5.99)
(5.40)
(5.41)
(5.42)

(5.43)

The proof is long and involved, provides little insight into the resulting formulas, and

may be omitted without loss of continuity. Appendix D contains a detailed sketch of

the proof, which may be of independent interest to researchers in related areas.
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Remark 5.5.3 For Dy; =0 and Dy =0, we recover precisely the equations in [5].

The computation of the discrete-time equivalent system from the sampled data prob-

lem parameters is quite straight forward.

Remark 5.5.4 The integrals involving the matriz exponentials can, in theory, be
computed using any symbolic math package such as Maple or Mathematica, however

for large matrices the computation lime/memory requirements may become ezcessive.

If A is well conditioned, ¥(7) can be computed directly from ¥(7) = A~!(e4” - I).
Similarly, if Ag is well conditioned, then ®(7) and f(7) can be computed directly
from ®(r) = Ag'(e49™ — I) and Q(r) = AZ (®(r) — 7I).

Remark 5.5.5 Numerical evaluation of matriz exponentials is inherently approzi-

mate, and the approzimation error may be quite significant, see [60].

All the rest of the calculations are simple linear algebra, except for the factorizations
required to calculate By, Cy, and D,;. However, subject to the associated potential
numerical difficulties, Bl, C'l, and D, can be calculated using the singular value

decompositions as indicated by the formulas in Theorem 5.5.1.

Remark 5.5.8 If B, is a vector, then it can be calculated ezactly by taking the square

roots of the diagonal elements of Iy (T)T1 (7).

Similarly, if [ ¢y Dia ] is a vector, then it can also be calculated exactly. For more
on the numerical difficulties associated with use of the singular value decomposition

see Appendix C.
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Remark 5.5.7 The resulting equivalent discrete-time system is the same order as
the original continuous-time system, which is a property shared by the more complex

characterization of [{6].

We have not as yet been able to successfully complete a numerical example verifying
that the discrete-time equivalent system of Theorem 5.5.1 is indeed equivalent with
respect to the infinity-norm. In fact, as yet we have not even been able to do such
an example even for the simple case of [5], nor have the authors. It is not yet clear

whether this is due to numerical difficulties or a flaw in the development.

Remark 5.5.8 The use of the noncausal inverse lifting operator, W1 (5.2), elimi-
nates from the formulas, for the discrete-time equivalent, all of the observability and
controllability grammians (see e.g. [12]) normally associated with problems involving

delays.

This is a very nice feature of Bamieh and Pearson’s formulation [5], however it does

make one wonder whether we have simplified things to an unrealistic extent.

Remark 5.5.9 [t is precisely the presence of grammian type, and other similar, inte-
grals involving products of matriz exponentials that make the discrete-time equivalent

of Kabamba and Hara [46] so very difficult to compute.

With respect to the sampled-data repetitive control problem, it is irrelevant how
the discrete-time equivalent system is computed. Thus, the sampled-data repetitive
control problem solution outlined in this chapter, does not depend on how these issues

with respect to computation of discrete-time equivalents are ultimately resolved.
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5.6 Singularity of the Discrete-Time Equivalent Problem

Regardless of what method is used to obtain the discrete-time equivalent system, the
resulting discrete-time equivalent problem will be the “singular problem”, see e.g.
{87). This is an inherent property of well posed sampled-data problems, due to the
requirement for all sampled signals to be low pass. The significance of the singular
problem is that it cannot be solved by the nice state space methods of [24] for the
continuous-time case or (44, 86] for the discrete-time case. There have been several
attempts to extend these results to the singular case, see e.g. [85, 78]. None of
these methods has evolved to point where their solutions are readily implementable,
especially for the discrete-time case. The classical frequency domain based approach,
see e.g. [33], has no added difficulty dealing with the singular problem, but there is
a problem with obtaining the required factorizations for the discrete-time case. The
problem is with the solution of the associated discrete-time algebraic Riccati equation
(DARE), see [33, 21, 48]. Considerable work has been done towards a solution to the
required DARE [11, 88], but the only closed form solution is obtained by transforming
the DARE to an equivalent continuous-time algebraic Riccati equation (CARE) via
the bilinear transform and then converting the solution back via the inverse transform
[11]. There is a relatively new area of control theory with application to the singular
H* problem based on linear matrix inequalities (LMI’s), see e.g. [36, 45, 9]. This
approach does not have any added difficulties for the singular problem, however most
of the work has been for continuous-time systems. Furthermore, the parameterization

of all solutions is not as attractive for our purposes as the one in terms of the so called
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“central controller” as provided by [24].

A more direct method for purely H* problems is the use of the bilinear transform.
The bilinear transform of a singular problem is, with probability one, a nonsingular
problem. Thus, the bilinear transformation of the discrete-time equivalent problem
yields an equivalent continuous time problem, which satisfies the standard assump-
tions [24). The equivalence is with respect to the infinity norm [37], thus providing
complete equivalence in this case. There is no loss in design insight, since the true
design requirements have already been posed in the sampled-data setting. The re-
sulting standard continuous time equivalent problem can be readily solved using the

state space methods of [24] as implemented in MATLAB’s u-tools toolbox [3].

5.7 Continuous-time Equivalent System

Specifically, we convert the discrete-time equivalent problem, @, to a continuous-time
equivalent problem, G* = (A*, B*,C?, D’), solve for the corresponding continuous-
time controller, K* = (A}, By, Ck, D), and convert the controller to its discrete-

time equivalent, X = (Ag, Bk, Ck, Dk). The formulas are given by:

A = oI+ Ay A=), (5.44)
B* = (I+A)'By/2/a, (5.45)
c* = C(I+A)"\/2/a, and (5.46)
D' = D-CU+A)B; (5.47)

and

Ak = (I - eA%) I + aAk), (5.48)
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Bk := (I+ Ak)Bgy/a/2, (5.49)
Cx = V20 + Ax)\/e/2, and (5.50)
Dg := Dip+Cg(I+ AK)_IBK; (5.51)

where a > 0 is the bilinear mapping parameter. It is easily verified that the above
bilinear transformations are inverses of each other. The first one maps from the 2-
domain to the s-domain via s = a~!(z—1)/(2+1), such that the unit disk is mapped
to the left half plane, and the second one maps from the s-domain to the z-domain
via z = (1 + a@s)/(1 — as). For more on state space to state space bilinear transforms

see 37, 62].

Remark 5.7.1 The resulting discrete-time controller, K = (Ag,Bk,Ck,Dk), s

precisely the controller, C = [Cy, C3), for the sampled-data problem of Figure 31.

5.8 Recovering a Repetitive Controller Structure

The solution provided by MATLAB’s u-tools toolbox is the so called “central con-

troller”, K¢, and all controllers satisfying ||F(G*, K*)||c < are parameterized by
K® = F(K°, M) := K§, + K, M(I = K5; M) K3, (5.52)

where ||[M|lc < 7. While the continuous-time repetitive performance requirement,
as represented by the weighting function, Wj, may not yield a central controller with
a digital repetitive structure, it should be “close” to repetitive. Furthermore, it is
reasonable to expect that, for appropriately selected weighting functions, there will

exist a minimal order (same order as the central controller) solution that has a digital
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repetitive structure. A large class of minimal order controllers is parameterized by

all constant matrices M, such that | M| < «.

Remark 5.8.1 Since all of the controllers parameterized by (5.52) satisfy the robust-
ness and tracking requirements of the H® optimal formulation, we are only concerned

with how repetitive (easy to implement) the controllers are.

Since there are several free parameters and the problem is highly nonconvex, tradi-
tional search algorithms are not suitable. However, since all solutions are admissible
(satisfy the continuous-time requirement imposed by the H* formulation), the new

search technique known as genetic algorithms is ideally suited to the task.

5.8.1 Genetic algorithms

Genetic algorithms (GA'’s) are so named because they are based on concepts arising
in natural selection, see [42, 38, 83] and references therein for background. GA’s have
proven to be very effective at finding global, or “near global”, maxima for highly

nonconvex optimization problems. The basic concept is as follows:

1. Identify the set of free variables (design parameters), which the GA will manip-

ulate as it searches for maxima.

2. Choose an appropriate fitness measure (objective function) such that the fitness

value is larger for “better” sets of design parameters.

3. Generate an initial population of suitable (admissible) sets of design parameters.
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4. Apply selection (based on fitness) in conjunction with the “crossover” and “mu-
tation” operations, see e.g. [42, 38, 83], to the current population, to construct

a new population of admissible sets of parameters (the next generation).

Step (4) is repeated until “satisfactory” results are obtained. If the fitness measure,
crossover and mutation probabilities, and population size are all appropriately chosen,
then the algorithm will likely converge to a (hopefully global) maximum. In our case
we don’t necessarily need to find the global maximum, or even converge; we just want
to obtain controllers that are “more” repetitive. Obviously, if a generated “candidate”
set of parameters for the next generation is not admissible, i.e. |M|loc > =, then it
must be either discarded or adjusted (rescaled). GA’s have been used successfully
to obtain satisfactory solutions to various difficult optimization problems related to

control systems, see [47, 101, 52, 106] and references therein.

5.8.2 Repetitive structure via GA’s

We propose to use a GA, which is a slight modification of the one used in [54], to
find controllers K* such that the bilinear transform, K, of K* has a digital repetitive
structure. The design parameters are the entries of the constant matrix M. A set
of parameters (matrix entries) is admissible if ||M|lc < 7. To determine a fitness
measure that reflects “how repetitive” the corresponding digital controller is, we must
take a closer look at the structure of digital repetitive controllers. Let d(z) =: Ny/ Dy

and ¢(z) =: N,/D,, where Ny, Dy, Ny, and D, are polynomials in z~!. Now, we can
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write

d(z) NqD, Nk

KG) =@z = DaD,— N,Dgz't " Dg'

(5.53)

Let the orders of the polynomials be given by m := ord(DyD,), p := ord(N,D;) and
n := ord(Dy). Define the coefficients a; by Dx = ap+ a1z +- - - +a,z~". In general
(and in particular for proper chosen performance weights W;) we have n = p 4 L.
If K(2) has a repetitive structure, then there will be a band of zero coefficients, i.e.
a;=0, m+1<i<L—p—1. Let the normalized coefficients of interest be given by
a; :=aifan, ji=t—m-—1, m+1 <i< L—p—1. Define the degree of repetitiveness

by r:= L —m — p~— 2. For a given r, let the fitness function be given by

-1
fr(M,B) = (ﬂ + I&jl) ) (5.54)

=1

where the parameter § > 0 determines the value, 81, at which the fitness function
saturates. Ideally, the GA utilizing the fitness function f, would seek to maximize the
degree of repetitiveness, r. Choosing S to be inversely proportional to r would seem
a logical choice. The only difficulty lies in choosing a f(r) such that the algorithm
converges to A(r)~! for some (hopefully maximal) r. In the absence of such a g(r),
the GA can be used for each feasible r separately using some appropriate constant
B >0.

While the fitness function f.(M, ) has intuitive appeal, it may be susceptible
to numerical difficulties, for high order K(z), due to the dependence on very precise
values of the polynomial coefficients, @;. An alternative formulation with potentially

better numerical properties is based on trying to make the controller, K, have L
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poles as close as possible to the unit circle. Recall that in the ideal case a digital
repetitive controller would have L poles on the unit circle. Such a criterion will
not directly enforce a digital repetitive structure, unless the ideal case is achieved.
However, there are no numerical problems and it is computationally efficient. Let
P, =2z;+jyi, t=1,...,L be the L poles of K* (eigenvalues of A%) closest to the
imaginary (jw) axis. Denote the normalized poles by p; := z;/y; + j and define the

fitness function

L -1
f(M,8) = (6+Z Iﬁ-l) , (5.55)

i=1
where the constant parameter é6 > 0 determines the saturation value for f just as 8
did for f,. The relative merits of the two fitness functions, f.(M,B) and f.(M,6),
is a topic for further research upon resolution of the problems with calculating a

discrete-time equivalent system.
5.9 Conclusion

In this chapter we proposed that sampled-data repetitive controllers be defined to
be those controllers having a digital repetitive structure and satisfying a continuous-
time performance requirement (tracking/disturbance rejection), see Definition 5.4.1.
We posed a two degree of freedom H*™ optimal sampled-data tracking performance
with robust stability problem, see Figure 31, directly satisfying the second part of
Definition 5.4.1. We extended the results of [5], on discrete-time equivalents, to the
general case required to solve our H® problem formulation. We also noted that nu-

merical computation of discrete-time equivalents has not yet been resolved for either
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the approach of [5] or the approach of [46]. Whatever method eventually proves to be
practically applicable to computing discrete-time equivalents, the resulting equivalent
problem will be singular. We gave explicit state-space formulas (5.44) through (5.47)
for converting the resulting singular discrete-time equivalent problem to an equivalent
continuous-time problem satisfying the standard assumptions. There is no loss in de-
sign insight due to this conversion, since the actual problem has already been posed in
the sampled-data setting. The resulting standard continuous-time equivalent problem
can be solved using MATLAB’s u-tools toolbox [3]. The resulting parameterization
of all solutions in terms of the central controller can then be exploited to recover a
digital controller having a repetitive structure. The corresponding digital repetitive
controller can be calculated from the resulting continuous-time controller using the
state-space formulas (5.48) through (5.51). We posed the problem of searching the
parameterization of all solutions for the “most repetitive” solution in terms of genetic
algorithms. With appropriately selected weighting functions, see Subsection 5.4.1,
all solutions should correspond to digital controllers having “nearly” repetitive struc-
tures. It is expected that controllers with digital repetitive structure will be readily
obtained. Numerical investigations await the resolution of the problems with calcu-

lating discrete-time equivalent systems.



CHAPTER VI

Contributions and Future Directions

This dissertation has made several contributions to repetitive control theory and re-
lated areas, and each contribution has suggested at least one direction for future
research. These contributions and directions were obtained by applying H* optimal
control theory to repetitive controller design. Further contributions and new direc-
tions were obtained by the addition of sampled-data system theory to the mix. By
applying H* optimal control theory to the repetitive control design problem (quan-
tifying the trade-off between performance and robustness) new insight into the repet-
itive control design problem was obtained. The new insight gained by applying H*
optimal control included directly applicable design procedures and new approaches
to “classical” (designer based) control design. The continuous-time formulation of
the robust performance problem of Chapter III suggests possible new approaches to
classical repetitive controller design and holds the promise, subject to the availability
of more powerful computers, of being a directly applicable design technique. Chap-
ter III also provides a significant extension to existing H* optimal control theory for
infinite dimensional systems and raises issues with respect to obtaining exact mini-
mal realizations of transfer function matrices. The issues with respect to obtaining

exact minimal realizations of transfer function matrices are discussed, and partially
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resolved, in Appendix C. The continuous-time formulation of the nominal perfor-
mance with robust stability problem of Chapter IV provides both multiple direct
design procedures and multiple new approaches to classical design. Furthermore, the
resulting new direct design procedures can be carried out, with existing computational
capabilities, for practical applications. In Chapter V we add sampled-data system
theory to the mix and propose a precise definition of sampled-data repetitive control,
which is a natural combination of the practical requirements that give rise individu-
ally to sampled-data theory and repetitive control theory. We formulate a nominal
performance with robust stability H* optimal sampled-data control problem and a
procedure for recovering controllers satisfying the natural definition of sampled-data
repetitive control. Also in Chapter V, we extend existing sampled-data theory on
obtaining discrete-time equivalent systems. The H* optimal sampled-data repetitive
control formulation of Chapter V holds great promise for direct design and the po-
tential for insight into classical design, but realization depends on the resolution of
the present difficulties with calculating discrete-time equivalent systems. As is always
the case in repetitive control design, we considered two degree of freedom control (i.e.
two distinct controllers) throughout this dissertation.

In Chapter III we pose a robust performance H® optimal control problem, see
Definition 3.1.1. By constraining the controller C to have a repetitive structure we
obtain the generalized repetitive structure of Figure 8, which corresponds uniquely
to the solution of the constrained problem. This generalized structure has obvious

implications for classical repetitive control design, which should be the subject of
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further research. The constrained problem has the form of a vector H* problem with
a scalar infinite dimensional inner factor (e.g. a delay). New H® optimal control
theory had to be developed to solve this class of problems. The solution to this class
of vector H® optimal control problems is given by Theorem 3.2.1. The extensive
derivation and proof of Theorem 3.2.1 appears in Appendix B. The extension of
Theorem 3.2.1 to vector problems of higher dimensions is obvious. The extension
to non-scalar infinite dimensional inner factors is not obvious, but the mathematical
techniques used in the derivation should prove helpful.

In Chapter IV we formulate a nominal repetitive performance with robust sta-
bility design problem. The design problem is decoupled into a finite dimensional
design which stabilizes and approximately inverts the nominal plant and a two-block
(nominal performance with robust stability) H*® optimal control problem for an in-
finite dimensional equivalent plant. The decoupling of control design in this way is a
common technique when designing for performance and the limits to the decoupling
are addressed by Lemma 4.1.1 and Lemma 4.1.2. The finite dimensional design to
stabilize and approximately invert the nominal plant is fairly well understood and is
not the subject of this dissertation. The resulting infinite dimensional two-block H
optimal control problem is solved using a special case of the general theory of [95].
The solution to the special case is given by Theorem 4.2.1. This formulation leads
to the modified repetitive controller structure of Figure 17, where the novel feature
is the inclusion of the inner factor, m,(s), corresponding to the RH P zeros of non-

minimum phase plants. This new repetitive controller structure indicates a path for
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future research into classical repetitive control design for non-minimum phase plants.
Using properly selected weighting functions, see Section 4.6, the resulting controllers
admit low order approximations providing classical repetitive action with the modi-
fied repetitive structure of Figure 17, for direct designs. By formulating a sensitivity
improvement problem, see Definition 4.3.3, the very same solution has an alterna-
tive interpretation as the add-on portion of the new cascade repetitive structure of
Figure 19. This cascade repetitive structure can, in turn, be thought of as either an
add-on to an existing controller or a method for robustly cascading two repetitive con-
trollers. Once again, this has implications for future research on classical repetitive
control design, i.e. research into the classical design of cascade repetitive controllers.
Furthermore, the numerical results for the direct design are most promising and show
direct applicability to practical repetitive controller design using existing computa-
tional facilities. Finally, this formulation can be extended to plants with significant
nonlinearities by the addition of dynamic inversion control theory.

In Chapter V we consider H* optimal sampled-data repetitive control, where
by sampled-data we mean th‘a.t the discrete-time controller will be designed directly
against continuous-time requirements. A natural definition for sample-data repetitive
controller design, see Definition 5.4.1, is the direct design of discrete-time controllers,
with digital repetitive structures, satisfying continuous-time requirements. No previ-
ous work on sampled-data repetitive control satisfies this definition. Our procedure
consist of two steps: obtaining the parameterization of all solutions to a repetitive

performance with robust stability H* optimal sampled-data problem, and the
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subsequent extraction of digital repetitive controllers from the parameterization of
all solutions. The solution of the repetitive performance with robust stability H*
optimal sampled-data problem requires the computation of a discrete-time equivalent
problem, from the continuous-time plant and requirements, as represented by the
weighting functions. In an effort to accomplish this we extend the results of [5] to
the general case, see Theorem 5.5.1. However, accurate numerical computation of
discrete-time equivalents has not been adequately resolved. The parameterization of
all solutions to the discrete-time equivalent problem is obtained by taking a bilinear
transform and using the state space solution of [24] for the resulting standard prob-
lem. The problem of searching for the “most repetitive” solution is then formulated
in terms of genetic algorithms. Genetic algorithms are a powerful new search tech-
nique that performs very well for highly nonconvex problems. All problems related to
controller structure are highly non-convex [8]. The novel use of genetic algorithms to
search parameterizations, of all controllers satisfying some norm-based optimization
problem, for controllers possessing additional desirable properties, has great promise
for a broad range of control applications. While our H* optimal sampled-data repet-
itive control formulation cannot be fully evaluated until the problems with respect
to computation of the discrete-time equivalent problem are resolved, the formulation

appears to have the potential to be a practical and highly effective design procedure.



Appendix A

Notation

C: Set of complex numbers (complex plane).

C4: Closed right half plane, Cy = {s € C': Re(s) > 0}.

C_: Open left half plane, C_ = {s € C: Re(s) < 0}.

P(R): Set of Poles of the rational function R.

P.(R): Unstable poles of R, P4(R) := {p € P(R) : Re(p) > 0}.
P_(R): Stable poles of R, P_(R) := {p € P(R) : Re(p) < 0}.
L?: Hilbert space of square integrable functions on Re(s) = 0.
H?: [* functions which admit analytic extension to C,.

H32: n x 1 vector valued functions with elements in H?,

Hj: Orthogonal complement of H? in L?, Hy := L? © H?.

L*: Banach space of functions essentially bounded on Re(s) = 0.
H*: Essentially bounded analytic functions on C,.

IRH*: Rational H* functions with real coefficients.

MH? := {Mw :w € H?}, where M is a n X n inner matrix.
H(M): Orthogonal complement of MH?, H(M) = H: 6 MH".
P.: Orthogonal projection from L? to H2.

P_: Orthogonal projection from L? to Hj .
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Pa(um): Orthogonal projection from L? to H(M).

Myw: Multiplication operator, Mwa := Wz, for x € H2, W € L*°.

Y r: Toeplitz operator with symbol F, Tr = P,.Mp,

I'r: Hankel operator with symbol F, I'r = P_Mpg,

A*: Adjoint of the operator A.

FT: Transpose of the matrix F.

F*: Complex conjugate (Hermitian) transpose of the matrix F.

R(s)*: “Star” of the matrix R(s), R(s)* := RT(—s).

ord(R): Degree of the least common denominator of the matrix R.
L*[0,00) : {£(t): Jo° |f()IPdt < oo}.

L?[0,00) : {f(t) : JTIf@)|Pdt < 00, VT < oo}.

Lr[o,7): {f(t): [5|f(¥)IPdt < oo}.

ILs(0,71 : The space of infinite sequences with elements in L?[0,7].

Ir=: The space of infinite sequences with elements in IR®, where z is an n-vector.
1(t): The unit step function.

§(t): The unit impulse function.

IFlleo := sup{|F(s)| : Re(s) >0} = esssup,er{|F(jw)l}.

esssup: The essential (almost everywhere) supremum (generalized maximum).
|D|l: Operator norm (largest singular value) of the matrix D.

|All: Operator norm, square root of the largest value of the spectrum of A.
o(A): The spectrum on the operator A.

oq4: The discrete spectrum (isolated singularities or singular-values) of an operator.
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oq4: The essential spectrum (o = a4J o) of an operator.

||A|le: Essential norm, square root of the largest value of o.(A).
IF@)ll2 = {f5° 1£(t)Pde} .

aV b := max{a, b}.

|S|: Magnitude, or absolute value, of the possibly complex valued function S.
RH P: Right half (complex, s = ¢ + jw) plane.

LTI: Linear time-invariant.

LCD: Least common denominator.

SISO: Single input single output (system).

SIMO: Single input multiple output (system).

MIMOQO: Multiple input multiple output (system).

SVD: Singular value decomposition.



Appendix B

Derivation and Proof of Theorem 3.2.1

In this appendix we derive Theorem 3.2.1, thus proving necessity, and then prove
sufficiency. We also give explicit formulas for constructing R, and the singular-vector,
z, corresponding to any ¢ which makes R,. Throughout this appendix we make free

use, without comment, of the definitions given in Appendix A.
B.1 Singular-value/Singular-vector Problem

We start by stating the first genericity assumption, which allows us to find the unique
optimal performance, 7,5, by solving the singular-value/singular-vector problem for

the operator A.
Assumption 1 (genericity) vo,: = ||A] > [|A]le = maz {||Va]iw, || DII}-

Assumption 1 is satisfied for a large class of practical problems. If it is not satisfied,

then the optimal interpolant,Q°, is not unique.

Remark B.1.1 Since 7o = ||A||, from (8.15), we see that ||A|| = ||V5||e iff B1 =
R; = 0. This follows because Ry and R, are rational and (21, Qz € H*® and therefore

cannot tnvert m.

138



139

Under Assumption 1, we have ||A|| = 0wz, Where omqy := maz{c : 0* € 04(A)}
is the largest singular-value of A. Hence, we consider the singular-value /singular-
vector problem for the operator A, i.e. 0 # ¢ € H? is a singular-vector iff there exists

o > 0, such that (62 — A*A)z = 0, which can be written as (see Definition 3.2.1)

w - - M
o’z — PyMy,My,z — [ My, Mj, ] P [ M::l ] z =0 (B.1)
2
From the fact that My, = P, M., we have
2 - - * ‘/l
o’z — P, VyVaz - Py [ V; Vz]PH(M)[Vz]a;=O. (B.2)

Remark B.1.2 Let w € H?, then Pumw =w~-Pympw=w- MP, M w.

Thus, we have
1% | % .| V
PH(M)[‘/;].T:[V;]:B—MP.‘.M[V:IIE

e [E]e-rr] 5]

- V R *
=MP_M[V:]z=MP_[R;]mm. (B.3)
Finally, we substitute back into (B.2), and get
o'z — P, V;Vaz — P, [ R} R ] mP_ [ ﬁ; ] m*z = 0. (B.4)

Remark B.1.8 Thus the singular-value/singular-vector problem has a Hankel plus

Toeplitz form, see e.g. [39)],
(e I- Y} Yv, — 7. zTep)e =0, where R:= [ g; ] . (B.5)

The problem is now in the form of a singular-value/singular-vector problem that can

be solved using basic projection operations.
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B.2 Finite Rank Projection Equations

From the first two terms of (B.4), we have
oz — PV Vaz = (01— Py V3 Va)z = Py (0] - VyVa)z. (B.6)

By Assumption 1, omqz > ||V5|l,,, 50 for any o of interest (621 — V;'V3) is nonsingular.

Thus, the spectral factorization,
(o* - V3'V3) = G;*G, G,,G;' € H®, (B.7)
is well defined. In operator notation, we have
(¢’ I - My, My,) = Mg Mg-. (B.8)
Now we define a new vector y, related to the singular-vector z, by
y:=Mgaz= Glte H* =z = G,y. (B.9)
Then, we substitute (B.9) into (B.4) and multiply by Mg from the left, which gives
- . * Rl =
y—Mg, P, [ Ri R |mP. 2 |mGoy=0. (B.10)
2
In order to simplify this expression, we note that
Mg P, [ Mp; Mg | =Mg, [ Mz, Mj, | =PyMg [ Mg; Mg |, (B.11)
and make the following definitions

s _[R] _[RG.)_ - [W%]._[wG,
pe[ B[ 29 ] cat wt v [B][4E ] ma
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Thus, we have
y—P,R*mP_Rm*y =0. (B.13)

This equation is very hard (if not impossible) to directly solve for y, since it contains
infinite rank projections. Therefore, we must simplify it by expanding it into com-
putable terms (finite rank projections). We define an orthogonal decomposition of

the vector y, by
y=u+mv, u€H(m)CH), veH®=>mvemH?CH (B.14)

Now, we expand (B.13) into computable terms. Starting with the rightmost projection

operation, we have
P.Rm'y = P_Rm*u+ P_Rv = R(m*u) — P, R(m"u) + P_Rv. (B.15)
Then,
P+I§*m(P_f§m'y) = P+ﬁ*mﬁ(m'u) —P,R*mP R(m"u) + P, R*mP_Rv
= P, R*Ru— R*mP R(m*u) + P_RB*mP . R(m*u)
+B*mP_Rv - P_R*'mP_Rv
= R*Ru — P_R*Ru — RB*mP,R(m*u) + P_R*mP R(m"u)
+R*mP_Rv —~ P_R*mP_Rv. (B.16)
We define u; := m'u € H; and substitute into (B.13), which gives

y= R*Ru—~P_R*Ru— R*mP,Ru, + P_R*mP Ru,
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+R*mP_Rv — P_R*mP_Rv. (B.17)

Now we take the projections of y onto the orthogonal subspaces mH? and H(m), to
get equations for v and u, i.e. v = m*"Py 2y = Pym*y and u = Pygm)y = y — mo,

which gives
v=P.R*'Ruy — P, R*P, Ru, + P.R*P_Rv, (B.18)
and
(1- E‘ﬁt)u = ~P_RB*Ru - ﬁi‘mP.,.ﬁul + P-R'mP.,.Eul
—mP R*Ru; + mP,R*P, Ru,
+R*mP_Rv —P_R'mP_Rv — mP,R"P_Rv. (B.19)
Remark B.2.1 All of the projections are now finite dimensional projections of the

two basic forms, P, fg, and P_fg, where f € L® is rational and g, € Hy and

g € H? are possibly infinite dimensional,

Define, f* := P, f and f~ := P_f. Then, we have P, fg), = P, f*¢g, and P_fg =

P_f-g, where f+ € H*N L™ and f~ € H} N L™ are rational.
B.3 Projection Formulas

In this section we give formulas for the projection onto H; of f¥g,, where f* €
H?N L™ is rational and g; € Hj is possibly infinite dimensional; and for the dual
problem of taking the projection on H} of P f~g, where f~ € Hy N L* is rational

and g € H? is possibly infinite dimensional. The solution of the first problem is just
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the portion of the partial fraction expansion of f*(s)g,(s) corresponding to the poles

of f*(s). The only nontrivial part is the calculation of the coefficients for the poles

of f*(s). For the general case we have that the coefficients aj._,, of (_,—_}-,'_—),.- are given

by

ar

ahen = ()= (3= )£ (2)9(#)

)7 , n=1,...,k, (B.20)

s=pi
where p; is a k** order pole of f*(s). From Leibnitz's formula, with fi(s) := (s —

pi)¥f*(s), we have

k=n
thon = (55 T ( " ) D (el ™ (). (B.21)

' i=0

The solution of the dual problem is just the dual of the above.

Remark B.3.1 If we consider g, to be an unknown, then the projection represents a
set of interpolation constraints on the unknown g, . Furthermore, all of the terms in
the projection are linearly independent functions of frequency and each term introduces

an independent constraint on the unknown g, .

In this context it is clear that the repeated pole case is of exactly the same structure
as the distinct pole case. Thus, we can consider the distinct pole case without loss of
generality.

For the case where all of the poles of f*(s) are distinct, the projection onto H? is

of the form

P, f*(s)gu(s) = Ppd,,, (B.22)
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where the entries of the row vector P+ are the terms of the partial fraction expansion
of f*(s) and 9, is a column vector with entries, (®,,); = g.(p:), where the p; are

the poles of f*(s). For the dual problem, we have
P_f"(s)g(s) = P;-9,, (B.23)

where the entries of the row vector Py- are the terms of the partial fraction expansion

of f~(s) and @, is a column vector with entries, (®,); = g(p:), where the p; are the

poles of f~(s).
B.4 Necessary Interpolation Constraints

In this section we derive necessary interpolation constraints on u and v, that must be
satisfied for ¢ to be a singular-value of the operator A, see Definition 3.2.1. These
constraints constitute a set of unknowns. We also construct a set of equations in these
unknowns that must be satisfied in order for z to be the corresponding singular-vector.
Therefore, these equations are also necessary conditions for o to be a singular-value.
Several assumptions are made in this section. Assumptions 2-3 are without loss of
generality and simplify the construction. Assumptions 4-6 are not without loss of
generality, but they ensure that the number of linearly independent equations equals

the number of unknowns, and are typically satisfied.
Assumption 2 (genericity) No repeated poles in By, Ry, or B*R=V"V.

From Section B.3, Assumption 2 can be made without loss of generality. However, it
allows the simple form of the projection formulas, (B.22) and (B.23), to be used. Now,

we make the another simplifying assumption that is also without loss of generality.
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Assumption 3 (genericity) P(R;) NP(R;) = 0 and there are no pole-zero cancel-

lations in forming ﬁl =G, R and 1?2 = G, R,.

Assumption 3 has no effect on the form of what follows. If the first condition is vio-
lated both the number of unknowns and the number of linearly independent equations
in these unknowns are reduced by twice the number of common stable poles and three
times the number of common unstable poles. If the second condition is violated both
the number of unknowns and the number of linearly independent equations in these
unknowns are reduced by the number of pole/zero cancellations.

Under Assumptions 2-3 we can explicitly denote the poles of R. Denote the stable
poles of Ry, P_(R,), by a;, i=1,...,nq, and the unstable poles of Ry, P;(R;), by
Bi;, i=1,...,11. Similarly, denote the stable poles of Ry, P_(R;), by o, i =n; +
1,...,n3+ng, and the unstable poles of Ry, P4 (Rz), by B;, i=4L+1,...,l:=4+L.

Finally, denote P(G,) = P-(G,) by i, i=n1+nz2+1,...,n:=n1+ny+ns.
Remark B.4.1 The following equations summarize the relationship between the poles:
PWM)=P-N)={a;, i=1,....m}U{-B;, i=1,...,4}, (B.24)
PW)=P-(Va)={ai, t=m+1,...,nma+n}U{-B;, i=h+1,..,1}, (B.25)
P(m]) = Pe(m]) = Ps(f1), P(m3) = Py(m3) = Pi(Rz), and (B.26)
PV)=P-(V)={ay, i=1,...,n}U{=B8;, j=1,...,1} (B.27)
Remark B.4.2 Let W € L™ be a rational function, then

P(P,W)=P_(P,W), and P(P_W)=P,(P_W). (B.28)
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Under Assumptions 2-3, it can be seen that (B.18) and (B.19) are of the form

v= P& + P,0; + P;®;, (B.29)
and
(1= V*V)u= P& + P,®; + P3®; + P, + P;®;, (B.30)

where the interpolation constraints, on the (possibly) infinite dimensional components

u,v and u; = m*u of the vector y = u + mv, are given by

ui(~p) uy (o) v(1)
9, = : y By:= : y O3:= : ’
ur(—5) (o) v(B)
u(—a) u(f1)
(P4 = y and (I)5 = ' ) (B.31)
u(—an) u(fr)
and the row vectors of frequency functions are determined by
P+k'Ru_|_ - P+R‘P+§ul = 131@1 + ]32@2, (B.32)
P+E'P_ﬁv = 133@3, (B33)

—ﬁ'mP.ﬂ%uL + P_ﬁ'mP.*.RuJ_ - mP+ﬁ‘ﬁul
+mP+I‘§‘P+ﬁuJ_ =: P9, + P,®,, (B34)
B*mP_Rv—P_R*mP_Rv - mP R'P_Rv=: P;&;, and (B.35)

~P_R*Ru =: P,®, + P;®;. (B.36)
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Remark B.4.3 The rightmost projection operator determines the interpolation con-
straints and therefore the number of unknowns (dimension of the associated column
vector), while the leftmost projection operator determines the form of the frequency

functions (row vector entries).

Remark B.4.4 As a practical matter, it is important to perform all pole-zero can-
cellations before taking the projections, in order to obtain the correct number of un-

knowns.

If all pole-zero cancellations are not done before taking the projections, the extra
unknowns, corresponding to the poles that were not canceled, will have coefficients

that are identically zero.

Remark B.4.5 From (B.22) and (B.23), it follows that when there is only one pro-
jection operator in a given term, the corresponding row vector necessarily has entries

which are linearly independent frequency functions.

Remark B.4.68 ®,,®3; and &5 each contribute | (the number of unstable poles of
R) unknowns and ®; and ®, each contribute n (the number of stable poles of R)

unknowns. So, there are a total of 2n + 3! unknowns.

Therefore, in order to solve for the unknowns, 2n + 3/ linearly independent equations

in these unknowns must be found. We get [ equations from (B.18) by evaluating it

at G;, i=1...L
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Remark B.4.7 The lefthand side of (B.18) evaluated at the f5; is precisely ®3. Thus,
these equations are clearly necessary conditions, since ®3 already appears on the righi-

hand side.

Remark B.4.8 Although there is no loss of generality in Assumption 2, the compu-
tation of these | equations i3 much more difficult for the repeated pole case. That is,
the right hand side must be differentiated, with respect to s, (k — 1) times for a k**

order repeated pole in either By or R,.

To get the remaining 2n + 2! required equations we consider (B.19). Since u € H?,
we know that the righthand side must equal zero at the unstable zeros of (1 — V*V/),
ie. {y € Cy:(1=V*(%)V(%)) = 0}. Similarly, m*u = u; € Hj implies that either
m* or the righthand side of (B.19) must equal zero at the stable zeros of (1 — V*V),
ie. {1 € C_: (1= V*(3)¥(%)) = 0} . Thus the following assumption is necessary

in order for there to be enough equations.
Assumption 4 m*(%) #0, for all v; € Cy, such that (1 — V*(v)V (%)) = 0.

Under Assumption 4, the righthand side of (B.19) must be zero at the stable zeros
(1 — V*V). Therefore, the righthand side of (B.19) must equal zero at all of the
zeros of (1 — 17“7) To have enough linearly independent equations we must have the
number of zeros of (1 — V*V) be twice the number of poles of V. Thus, we require

another assumption.

Assumption 5 k = 2(n + 1), where k is the number of zeros of (1 — V*V).
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Assumption 5 is not without loss of generality and consists of two parts. First, it
requires that ord(V“V) = 2ord(V), which is a standard assumption. Second, it
requires that the number of zeros of (1 — V*V) equals the number of poles of V*V,
which is almost always satisfied. Finally, since the equations obtained from repeated

zeros are not linearly independent, we require one more assumption.
Assumption 8 There are no repeated zeros in (1 — V"V).

Assumption 6 is satisfied for almost all &. Assumptions 4-6 are sufficient to ensure
that the number of linearly independent equations in the unknowns is equal to the
number of unknowns. Assumption 6 can be restated in terms of the eigenvalues of a
Hamiltonian matrix, see Remark B.4.10 below.

We now show that, the zeros of (1 — V"V) are the eigenvalues of a Hamiltonian
matrix. Again, we consider 1 — V*V =1 - B*R = 0. From the definition of R, we

have
0 = (1-RR) = 1-G:G,(RjR1 + RB}Ry). (B.37)

If we multiply the last expression by G;*G;!, then the zeros are unchanged. Thus,

we have
0 = G;*G;' —(RiR\ + R}R;) = o — (R3Rs+ RiR, + R3Ry)
= 0!~ R'R = 0> - F'00'F = o*I - F*F. (B.38)
The zeros of (621 — F*F) are the poles of (0] — F*F)™!, and F*F = F*F, where
F= [ A0 7 7 ]T. Therefore, the following lemma can be used to calculate the

zeros of (1— V*¥).
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Lemma B.4.1 Let ' = C(sI — A)"'B + D be a minimal realization. If o > Al
then the poles of (621 — F*F)1 are the eigenvalues of

_ T
A+ B,C, B,B! (8.59)

HAF):=| 010 y 070, ~(A+B,C,)T

where DI D, := o*I — DTD, B, := BD;' and C, := D;TDTC.
Proof: F** = (C(—sI — A)"'B + D)T = —BT(sI + AT)1CT 4 D7, s0 we have
(6%l = F*F) = (¢*I = DTD) — DTC(sI - A)"'B + BT(sI + AT)"'C™D
+BT(sI 4+ AT)1CTC(sI — A)'B. (B.40)
By Lemma 3.2.3, D! exist for all & > ||A||,. Thus, we have
(6] — F*F) = DT(I - C,(sI — A)™B, + BY(sI + AT)"'CT

+BX(s1 + AT)'CTC(sI — A)'B,)D,. (B.41)

We observe that

I—Cy(sI — A)™'B, + BT(sI + AT)"'CT + BT(sI + AT)"'CTC(sI - A)™'B,

-1
P e I EA R

Hence, the poles of (02 — F*F)~! are the poles of

_1 -1

_ _pr | (s1=4) 0 B,
(I [Co -5 ] [ ~CTC (s + AT) ] [ cr|) (B.43)
which, by the matrix inversion lemma [43], are the poles of [sI — H,(F )]_l. Since

(A, B,C, D) is a minimal realization of F, we have that the poles of (02I — F*F)~!

are the eigenvalues of H,(F). O
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Remark B.4.9 If F' is strictly proper, (i.e. D =0), then H,(F) reduces to

A —07BBT

Hv(ﬁ') = cTC —AT

(B.44)

Remark B.4.10 From Lemma B.4.1 it follows that, the zeros of (1 — V*V) are the
etgenvalues of H,(F‘). So, Assumption 6 a can be restated in terms of the eigenvalues
of H,(F‘). That is, Assumption 6 is equivalent to: The k eigenvalues, v;, 1 =1,...,k,

of H,(F) are distinct.

Under Assumptions 1-6, the following set of 2n+ 3! equations in 2n 43! unknowns,

are necessary conditions for o to be a singular-value of A.:

vB)] [ PB)] Py(py) ] [ Py(B1) ]
: = : : : @, (B.45)
v(B) | A(B) | Bi(By) | | Py(B) |
[ Pi(m) ] Py(m) ] [ Pa(11) |
0= : ¢, + : (D2 + : @3
| Pi(w) | B(w) | [ Palw) |
Py(m1) Ps(m)
: P, + : Ps. (B.46)
Py(7) Ps ()

It is clear from the construction that these equations are independent so long as the

+: are distinct. Note that any u constructed from these equations will necessarily be

in H(M).

To simplify (B.45) and (B.46), we make the following definitions:

Py(By)

2 (.ﬁz)

N T

Py(p)

. ’

P(p)

(F3+I) =

By(py)

: (B.47)

133(.ﬁ1)
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[ Pi(m) | Py(m) P3(m)

r o= : , Tpi= : , T3:i= : , (B.48)
| Pi() o) Ps(1)
[ Py(m1) ] Bs(m)

rg = : , and rg:= : . (B.49)
| Pa(e) | Ps()

Since the lefthand side of (B.45) is precisely @3, (B.45) and (B.46) can be rewritten

as

0 =719, +ra®; + r3®3, (B.50)
0= 1'1(1)1 + 1‘2@2 + T3¢3 + 7‘4@4 + T5<I’5. (le)

Finally, we define

Rq = [ f1 72 73 0 0 ]‘ (B52)
™ T2 T3 T4 Tp

The matrix R, is, by construction, singular whenever ¢ is a singular-value of A.

That is, the set of 2n + 3 equations in 2n + 3! unknowns representing the necessary

conditions for ¢ to be a singular-value can be written as, R,® = 0, where

o:=[of of of of af].
B.5 Sufficient Conditions for Singular-values of A

Thus far we have constructed a (2n + 3{) x (2n + 3l) matrix, R,, that is singular
whenever o is a singular-value for the operator A, defined by (3.16). In this section
we prove that if R, is singular, for some o, then this value of ¢ is a singular-value

of the operator A. This implies that the singular-values can be found by searching
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for the values of o that make R, singular. Furthermore, given a singular R,, we can
find a @, such that R,® = 0, and construct v and % from ®, using (B.29) and (B.30).
Thus, for any singular-value, o, R, is singular, and we can calculate the corresponding
singular-vector, £ = G,y = G,(u + mv). Thus, by construction we have necessity
(the only if part). The proof of sufficiency (the if part) is a little more subtle, but is
much shorter. First, we prove that if R, is singular, i.e. there exist a &' # 0, such
that R,®' = 0, then the pair (o, ), corresponding to &', is a singular-value/singular-
vector pair for A.

Proof [sufficiency]: Suppose that we have a vector & # 0 satisfying R,®' = 0,
construct v and u from (B.29) and (B.30), by using ®’ in place of ® on the righthand
sides of (B.29) and (B.30). Then, to complete the proof we need to show that, @
corresponding to v and u, from (B.29) and (B.30), is precisely ®'. By construction

we have
v= P& + P&, + P8, = P®, + B®, + P30, (B.53)

and

(1-V*V)u = P&} + P,®, + P&, + P,d, + P&,
= P,®, + P,®; + Ps®3 + P1®, + Ps®s. (B.54)

Thus it is sufficient to show that [ P P P, P B ] has linearly independent
entries as functions of the frequency variable. From (B.34) we see that P, comes only
from mP,R*Ru, and has linearly independent entries of the form -'-';-(_E‘)(;"—' Further-
more, the term R"mP+Ru 1 ensures that P, has independent entries since its con-

tributions are independent of all the others due to the multiplication by R*(s)m(s).
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Thus, each entry of P, has a term of the form -"i—'(f)}";ff)ﬂ Similarly, from (B.35) we
see that P5 has linearly independent entries and each entry has a term of the form

&(—)—:_"‘[;fﬂ-“i. Finally, from (B.36) we have that P, has linearly independent entries

d;

7+, and Py has linearly independent entries of the form ;%-. From

of the form
the preceding it is easy to see that [ P, P; P3; P; Ps ] has linearly independent

entries.
Remark B.5.1 The coefficients a;, b;, ¢;,d; and e; of the entries are non-zero.

Indeed, if any of the coefficients were zero this would mean that there was a pole-zero
cancellation in one of the rational functions which would mean that the unknown

(interpolation point) corresponding to this zero coefficient is not needed. 0O

B.6 Construction of the Singular-vector z°

The singular-vector z°, corresponding t0 ¢ = Gmaz := Yopt, can be constructed directly
from the interpolation constraints, ®°, obtained from R, ®° = 0. Specifically, we
have z° = G,,,..4° = Gopm,. (u® + mv°). Now, v® and u® can be constructed from
®° using (B.29) and (B.30), i.e. v° = P,®? + P83 + P39 and (1 - V*V)u° =
P09 4 P, 39 + P3®3 + P40+ Ps®?. From (B.32) and (B.33), it can be seen that v° is
purely rational. Similarly, from (B.34) through (B.36), it can be seen that u® can be
written as u® = u{ + mu3, where u{ and u? are rational functions. Thus, 2° can be

written as z° = g+ mh, where g := G,u{ and h := G,(v°+u2) are rational functions.



Appendix C

Realization of Transfer Function Matrices

In this appendix we look at the issues and problems associated with obtaining exact
minimal realizations of transfer function matrices. We show that the relationship
between the Markov parameters and the coefficients of state space realizations is
Vandermonde in nature. We also show that the standard methods, e.g. [12], which
use Markov parameters, are averaging methods and thus only provide estimates of
the state space realization. The averaging is necessary due to the fact that the rela-
tionship is numerically ill-conditioned. We present an exact method for obtaining the
state space realization from the Markov parameters. It is, of course, only usable for
“low” order systems with “small” dynamic range of pole locations, where “low” and
“small” both depend on the available computational accuracy (machine precision).
We also present a method that has no more numerical difficulties than the single input
single output (SISO) case. There are numerous direct methods for SISO transfer
functions that do not have significant numerical problems, i.e. are not numerically
ill-conditioned, e.g. the “tf2ss” command in MATLAB. Our direct method for ob-
taining exact minimal state space realizations of transfer function matrices requires
the construction of a minimal block diagram consisting of proper SIS0 transfer func-

tions. This method is completely general and is illustrated by solving the example
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arising in Chapter III. Our method for constructing this minimal block diagram is
based on the familiar least common denominator (LC D) of all minors of the transfer
function matrix method for determining the characteristic polynomial, see e.g. [12].
Typically it is quite simple to construct the minimal block diagram as is the case for
the problem considered in [73]. For certain pathological cases it becomes somewhat

involved, but it is still quite tractable, as we show by means of a couple of examples.

C.1 Vandermonde Structure of the Relationship

In this section we show that the mathematical relationship between the Markov pa-
rameters of a transfer function matrix and any state space realization has a Vander-

monde structure. The Markov parameters are defined by
o
G(s) =Y H(k)s7*, (C.1)
k=0

where the H(k) are the Markov parameters. It can be shown, see [12], that they are

related to all state space realizations, (A,B,C,D), by
H(0)=D, H(i+1)=CAB, i=0,1,2,... . (C.2)

Let G(s) be a p x m transfer function matrix, then the H(k) are also p x m matri-
ces. For simplicity we consider the distinct eigenvalue case, which is generic in that
matrices with distinct eigenvalues are dense in the set of all matrices (43]. Thus, the
numerical properties of matrices with distinct eigenvalues are representative of the
numerical properties of all matrices. Without loss of generality, let A be a diagonal

matrix with diagonal elements (eigenvalues) \;. Then, we have the following set of
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equations:
Z“;a-,-B,-k = Ha(1) = hy, (C.3)
i
ilcii)‘iBjk = Hu(2) =: b, (C.4)
i=
glciﬂfBik = Hu(3) =: h, (C.5)
"
JZ:;C’,-,-/\;-“‘If?jk = Hy(n) =: k. (C.6)

Let A=[ A -+ A | and ofy = Ci;Bji, and define

1 1 AO
hix ik Al
hig:=1] ¢ |, aix:=1 : |, and A:= . , (C.7)
ik gk ,\n.-l
where Af = [ DL ] Then we have the Vandermonde relationship given by
Aaix = hi. (C.8)

This Vandermonde relationship is inherent to all state space realizations, since they
are all equivalent and related by similarity transforms. Notice that only n Markov
parameters are required to calculate the strictly proper part, (A, B,C), of the state
space realization. The standard methods [12], on the other hand, typically use 2n
Markov parameters. The averaging over a larger data set helps overcome the numer-
ical ill-conditioning of the relationship. The drawback of the averaging methods are
that the answer is not exact even for systems where direct use of the Vandermonde

relationship is numerically sound.
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To illustrate the problems with the approximation properties of the standard
Markov based realization methods we present a third order example for which the
exact Vandermonde relationship can be used. All calculation were done using MAT-
LAB. Using the random number generator we obtain the random third order 3 x 2

transfer function matrix

1| 9 92
G= p [gn 922 } , where (C.9)
g ga2
gn = 0.7254s% +0.2096s% + 0.3581s! — 0.0140, (C.10)
g1z = 0.9995s% — 0.2321s* + 0.0223s" + 0.0236, (C.11)
gn = 0.8886s® +0.5431s + 0.1100s’ + 0.0005, (C.12)
gz = 0.2332s® 4+ 0.3300s% + 0.8220s' + 0.0629, (C.13)
gnn = 0.3063s° +0.1610s* + 0.5361s" -+ 0.0097, (C.14)
gz = 0.3510s 4 0.7905s + 0.5093s' + 0.0376, and (C.15)
d = 1.0000s® — 0.7939s% — 0.5872s" + 0.1097. (C.16)

Using the direct Vandermonde method (which can be readily verified to give the cor-

rect transfer function matrix to within a few machine epsilons, 10-1¢ for MATLAB),

we obtain
1.2055 0 0 1.1550 0.8485
A= 0 —0.5710 0 , B=1] 04816 0.4237 |,
0 0 0.1594 0.3626 0.1788

0.7254 0.9995
0.8886 0.2332 |. (C.17)
0.3063 0.3510

0.9286 —0.4564 —0.1853
C=
0.6646 —0.4816 -0.3626

1.1550 -0.0811 —0.1279], and D=
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For comparison we consider the Markov based method of [12], which uses singular-
value decomposition (SVD) reduction of the 2n x 2n Hankel matrix of Markov pa-

rameters. To allow for direct comparison we diagonalize the result and obtain

) 1.2085 0 0 . —1.0854 ~1.1718
A= [ 0 -03976 0 ] , B=} -04957 -0.6518 |,
0 0 1.1740 -0.6590 0.3903
R -0.7220 -0.4518 0.1978 . 0.7254 0.9995
C=] —-09204 -0.5203 0.3033 } , and D= 0.8886 0.2332 ] . (C.18)
—0.8701 -0.4884¢ —0.6599 0.3063 0.3510

Note that D and D are calculated in exactly the same way and are therefore iden-
tical. Note that the error in the poles (diagonal entries of A) increases as you go
down the diagonal. This is because they are ordered according to the magnitude of
the corresponding singular-value. Increasing error with decreasing magnitude of the
singular-values is an inherent property of the SV D. Specifically, the error in the first
pole (1.2055) is only 0.25 percent, the error in the second pole (—.5710) is a whopping
30 percent, and the last pole has an incredible 636 percent error. These errors are
fairly typical, although sometimes the errors are much smaller, particularly the worst
case error is often less than 100 percent. The approximation error in the B and C
matrices is also significant, thus the approximation of the zeros is also poor. To more
closely examine the error in the zero locations, define G to be the transfer function
matrix corresponding to (A, B,C, f)) Then, we have

1 12

&
gn fm}, where (C.19)
§31 .632

A |
G=-z

g = 0.7254s% — 0.5941s% + 0.0313s' — 0.4035, (C.20)



160

Gz = 0.9995s% — 1.4876s% + 0.5552s' — 0.2117, (C.21)
gn = 0.8886s° — 0.6379s* — 0.0573s' — 0.5083, (C.22)
gz = 0.23325° +0.16915% + 0.1631s* — 0.7917, (C.23)
gan = 0.3063s —0.121457 + 0.1199s" — 0.4513, (C.24)
ga2 = 0.3510s° 4 0.3250s° — 0.1847s' — 0.8095, and (C.25)

d = 1.0000s° — 1.9849s% + 0.47163" + 0.5641. (C.26)

Clearly, the numerators (zeros) of the transfer functions are highly inaccurate. To see
how strongly these errors show up in the zero locations, we consider the roots, ry;, of

g1 and the roots, 713, of g1y
r11 = {0.0381 — 0.1635 + 70.6924} and #,; = {1.680 + .1602 £ 70.3946}. (C.27)

The error in the real zero is very extreme (over 2900 percent) and the error in the
complex zero is quite significant (2.02 percent for the real part and 43 percent for
the imaginary part). The large error one may encounter with the indirect Markov
methods indicates the utility of using an exact method whenever possible. The ex-
act Vandermonde method is almost never usable in MATLAB. Indeed, for seventh
order systems and moderate dynamic range of pole locations the Vandermonde ma-
trix becomes so ill-conditioned that reasonable solutions from it are impossible using
MATLAB. However, using arbitrary precision packages, such as Maple or Mathemat-
ica, the only limit is the computation time and memory usage, which both increase
very rapidly, due to the numerical ill-conditioning of the Vandermonde structure. The

direct method described in the next section avoids this problem because it does not
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use Markov parameters. It is a direct method in the same sense as the direct methods

used for SISO systems in any standard control design software package.

C.2 Exact Minimal Realizations

The method presented in this section is a completely general method for obtaining the
state space realization of all proper rational transfer function matrices. Furthermore,
the resulting realization is exact, up to the errors on the order of the machine precision
associated with numerical multiplication and addition. The method consists of three

steps:

1. Obtain a minimal block diagram consisting of proper rational SISO transfer

functions.
2. Obtain minimal state space realizations of the individual SISO blocks.

3. Combine the individual realizations in accordance with the minimal block dia-

gram.

The first step is very straight forward, except for pathological cases, and algorithms
could be readily developed and implemented. The second step is already implemented
on any standard control software package. The third step is very straight forward
and has been implemented in MATLAB’s p-tools toolbox. Specifically, the MAT-
LAB function is “sysic.m”, which calculates the overall state-space description of
the system from a detailed description of the “sys(tem) i(nter)c(onnection)”. Ide-

ally, a single algorithm would implement all three steps from a single command line
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(program call). This is certainly achievable for the non-pathological cases. Certain
pathological cases may be better handled with the aid of a graphical interface such
as MATLAB’s SIMULINK.

C.2.1 Construction of the minimal block diagram

The minimal block diagram is constructed with the aid of the LC'D of the minors
method for determining the characteristic polynomial. Pathological cases are those
in which a pole/zero cancellation occurs during the construction of a minor. We will
show how to handle such cases by considering a specific example. If the entries of the
transfer function matrix have no common poles, then the minimal block diagram can
be written down directly with each entry being a separate block. Thus, we consider
only cases with common poles. Typically transfer function matrices arising from
physical systems will have common poles. In general transfer function matrices arising
from physical systems will have a common zero corresponding to each common pole.
In this case the minimal block diagram can be written down by inspection with the
aid of the LC D’s of the minors. If there are not corresponding common zeros, then a
slightly modified procedure must be used. We give an example showing how to handle
such cases. The procedure is not complicated and it is believed that this case can
be easily handled by a general algorithm for exact minimal state space realizations.
Finally, we show how easy it is to construct the exact minimal realization for typical

problems such as the one in Chapter IIL
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Consider the transfer function matrix

-8 __ b
G [ T D ] (C.28)

s(s+3) s(s+4)

From the minors consisting of the individual elements, we know that the characteristic
equation must include p(s) = s(s+1){s+2)(s+3)(s+4). Generically, it would include
an s? term from the minor consisting of the determinant of G. The pathological case
we are interested in is the case where the second s term cancels and p(s) is the
characteristic equation. This will be true iff 6ad = 4bc, so lettinga =2, =3, c=
1, and d = 1 makes p(s) the characteristic polynomial. Thus, the minimal block
diagram must contain only one block with a pole at the origin. Consider the minimal
block diagram shown in Figure 32. Setting this diagram equal to G results in the
equivalence conditions: &y = ag = as =y = -7, b= —(6+17), B = —(6 +
29), Bz = —(6+37), Bs = —(6+47), mbcy = a, 2ri8cy = b3rybey = ¢, 4rabe; = d.
Usinga =2, b =3, c =1, and d = 1 and letting 6 = 1, the last four conditions
become

rna=2 re=2/3
ree; =1/3 rcp=1/4" (C.29)

These equations are satisfied for infinitely many choices of the remaining variables.
Orne solution is r; = 1, r; = 1/6, ¢; =2, and ¢; = 3/2. We have already arbitrarily
chosen § = 1 and we must still arbitrarily choose 4 in order to specify a solution, thus
the block diagram of Figure 32 had fwo extra degrees of freedom. Choosing v = 1
yields the block diagram shown in Figure 33 which is a minimal block diagram for G.

We now look at the case where the common poles do not have corresponding

common zeros. Without loss of generality we can consider the biproper case, since
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0aS 4
a ] 3S+ Bs
$43
| %15+ By
S+ 1
d;"‘ YS+8
S
+
0S5+ fy
5 S+ 2
0gS+ Pa
w2 1 S+4

Figure 32: Solution of the pathological case, general form.

-(S+4)
W2 5+3
L_w+m
S+1
S
+ s
-(5+3)
S+ 2
3 | =(5+8)
“2_" ',2 o s+ 4

Figure 33: Particular solution, pathological case.

if the entries are both strictly proper they have a common zero at infinity. Consider

the transfer function matrix

G = [ (etaletd)  (stc)(atd) ]’ (C.30)

| (s41)(s42) (s+1)(s+3)

where we assume that the zeros are not common and do not cancel with any of the
poles. Now we simply introduce zeros at infinity by decomposing the entries into the

sums of constants and strictly proper transfer functions. Specifically, we can write G
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— (s4¢) (s+g)
G= [ foh ] + [ (s+1)(242) (a+1)(§+3) . (C.31)

Now we simply factor out the common pole and draw, by inspection, the minimal
block diagram shown in Figure 34. In this way common zeros can be obtained when-
ever needed by the addition of constant gain paths. While such situations require a
little more attention, they are still completely straight forward and algorithm devel-

opment should not be difficult.

f
y, | S+e Y1
S+2 l"‘ 1 z 417
+ +
S+8 V2 ? +
Y2 S§43
h

Figure 34: Minimal block diagram, non-common zeros.

C.2.2 Practical example

The details of obtaining the state space realization required for the numerical example
in Chapter III are now given. While the transfer function matrix to be considered here
does not represent a physical plant, it does come from physical considerations and thus
has common zeros corresponding to its common poles and contains no pathologies.
The only exception to this is that the zeros W, have been purposely chosen to cancel

with poles of N, see Section 3.4. Due to the sparse structure of G, this does not cause
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any complications. The transfer function matrix is given by

WiN 0
G:= W]W2 “W1W2D . (C.32)
0 —-WaD

Denote the numerator of a transfer function X by X™ and the denominator by X?.

After pole/zero cancellations, we have

Nll
- "
G = | Fwa ﬁ,"}?’wg’% , and let [,«h :=G[::]. (C.33)
nnon y3

0 W;"Da

Even without considering the minors, we can see that the the transfer function Wi W,
acts on both the inputs in generating the middle output, y,. Thus, it seems reasonable
to put this term down as a block connected to y; (see Figure 35). It is also clear that
the second input, uz, always acts thrdugh the transfer function D. So, we place a
block with transfer function D at the input u,. For this example that is all that is
required to come up with the minimal block diagram. It can be readily verified that
the characteristic polynomial is WEWEWEWE D4 D4, which is in accordance with the

block diagram in Figure 35.

Nn
Uy | WP Y
1
Up—- D" z\k‘ N —E_ 1 Y
D wg 8

Figure 35: Minimal block diagram for the example.
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Remark C.2.1 We could at this point simply write ¢ MATLAB “m-file” describing
the block diagram in Figure 85 and use the u-tools command “sysic.m”. However, for
illustrative purposes we present the abstract composite system in terms of the state

space representation of the individual blocks.

Let the transfer functions, T;, of the individual blocks be given by

Nm Wrwp

L= Wi ;= Waws' (C.34)
-Wwp Dr
T3 = W, and Ty = H‘- (0.35)

Denote the state space realizations by T := (A, By, C1, D), T2 =: (A3, By, C3, D3),
T3 =: (As, B;,Ca, D3), and Ty =: (Az, B2, C;, D,), where the subscripts of the A,
C, and D matrices correspond to the output variable, and the subscripts of the B
matrices correspond to the input variable. With a little algebra it can be seen that
the resulting minimal multiple input multiple output (M IMO) state space realization

G =: (A, B,C, D) is given by

A 0 0 0 B, 0
4-| 0 A4 0 -BC.| p_|B -BD:
0 0 A BC, |’ ~ 10 B.D, |’
0 0 O A, 0 B,
Ci: 0 0 0 D, 0
C= [ 0 Cz 0 -—Dng ) and D= Dz —DQ.D, . (036)
0 0 Ca D;;C', 0 -D3Dz B

An algorithm was implemented in MATLAB that generates the state space realization

automatically given the parameters that constitute G.
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C.3 Conclusions

The inaccuracy of Markov parameter based methods clearly illustrates the need for a
new approach. The above approach appears to be a viable solution. The next step is
to develop detailed algorithms suitable for implementation in software packages such
as MATLAB. This should not be difficult for the non-pathological cases. Another
issue that should be addressed is balanced realizations. A nice feature of the Markov
based methods is that they provide balanced realizations, however this advantage is
completely inadequate to compensate for the inaccuracy of the zeros. More work
needs to be done with respect to incorporation of a certain level of balancing in the
direct method. It seams reasonable to expect that with a combination of balancing
of the individual SISO realizations and appropriate scalings in the block diagrams
that “nearly” balanced realizations could be obtained. An interesting investigation
would be to compare the results of an SVD based balancing of the direct realization
with the balanced realization resulting from the Markov methods. It is expected that
for most, if not all, cases the direct method will still prove superior, Finally, the

extension of this direct method to descriptor systems should be straight forward.



Appendix D

Proof of Theorem 5.5.1, Sampled-data Extension

In this appendix we give a detailed outline of the proof of Theorem 5.5.1. We start
out by presenting several useful identities and making a couple more definitions.
Then we derive explicit matrix formulas for the various finite rank operators given in

Theorem 5.5.1 in terms of the sampling period, 7.

D.1 Mathematical Preliminaries

Let Cg := [ (Bf + D}, DoDnBy) Dy, DgCh ] and sVt := maxz(s,t). The following
identities, which can be readily verified using elementary mathematics, will be used

freely in the sequel, without comment:

d [ IT] _4 .

T {e““‘-’" 0 et ’} = e~ 4R* BrBle™4", (D.1)
d [ _ags[0] sl = -age C.ehe

IS- € I € =e BQ 1€, (DZ)
;—S{e““ [ o I ] e"’""} = —e~ 4 B,Crefr®, (D.3)
d *s 3 M Tall s

7 {e“ [ I0 ] ee } = eA"'C Cgeter, (D.4)
4 e[ 0 I |efe'! = e B\Coel®, (D.5)
ds Q
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%{CAJ [ 0 I ] e-AQB} = '-GA,BICQG—AQ,, and (D6)
[ 1V oyds = [ rrds + [ f(s)ds. (D.7)

The kernels of the adjoints ( B?,Cs, D2y, D, ) of the operators (By, Cy, Dy, Dy;) are:
bi(s) := Bre*' "™, ci(s) :=€""*CY, diy(s) := By¥U(s)"CF + Diy,
and dj,(t,s) := Bje?"*1(s — t)C} + D}, 6(s —t). (D.8)

Note that depending on whether an operator, H, maps to time functions (h(t,s) is

the kernel) or to constants (k(s) is the kernel) we have either

T

Af(t) = [ ht,s)f(s)ds or Hf@)= [ his)f(s)ds (D.9)
D.2 Explicit Formulas for the Various Operators

By inspection of (5.10) the composite operators we must find explicit formulas for
are: E]_R.B;, é;Qél, élﬁ;léél, CA';QA.DH, D;zéblz, and Blb;léblz.
D.2.1 Explicit formula for B,RB}

By definition we have

A n -1 , )
(RB})(2) = CR{—eA“' [ F“O(T) g ] /0 eAR(T—a)BRB;‘eA (T=2)dg

t & [ ]
+ [ etnlt=d B Bred ("‘)ds} + DpBret*tr=0
0

= CR {—eARt [ P;{)(T) g ] eAn‘r (e'Am [ (I] ] e—A‘s)

T
L]
eA‘r

¢
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eA‘f} + DpBpef'("-Y, (D.10)

Noting that

[ ﬁ;(r) 3”1P"2§T) ?;‘;(T ” ] [ ]and CR[ ]=—DRB:, (D.11)

we have
. -1
(RB})(t) = —Cre?rt [ F“O(T) ] . (D.12)
Now we can compute the desired composite operator

A A oa T -1
BiRB] = - /0 eA~9) B, Cretr®ds [ 1-‘110(7' ) ]

— At [ ~As Aps 1-‘11 ( )
=—e* (e[ 0 I ]et)| [ o |- (D.13)
Expanding and simplifying, we have

BiRB} =Ty (r)T5} (7). (D.14)

D.2.2 Explicit formula for C;QC,

s 2 -1 ,
(@00 = Ca{—etet | YD) §] [ pat-npgcieras

+ ' eAQ(‘"’)BQc'le“‘ds} + DoCre™
o [T 8] e s ] )

(e[
o)

} + DQ Cle’“
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+ [ 3 J et — Aot [ 2 ]} + DoCie?, (D.15)
which, noting that Cq [ ? ] = —DqC}, simplifies to
. -1
QC)(¢) = Cq eAat [ Th (72}.12(7) ] . (D.16)

Now, we have

e A A T 4. -1
1QC, = L el *C;Cq e9%ds [ Th ("2}'12(T) ]

(el ol [32 T3] -1 )[R0 | o

Noting that [ I0 ] [ }:;:E:; E:g” [ Tﬂ‘("’_)}u(r) =0, we have

CIQC: = T3 (1) Tual7). (D.18)
D.2.3 Explicit formula for B,D},QC,
Using (D.16), we have

" A A T . ‘ =1
(DL QC() = {./t Bie*" =01 Chetatds + DIIquAQ‘} [ Ta (12’]1'12(1-) ]

= (Bt ([ 1 o ]ete)]

, ~1
+ D;;Caetat)} [ RNHAY ] ,(D.19)
which, using the fact that D},Cq — By [ 10 ] = —Cqp, gives
(D},QC1)(t) = —Cqetet [ Tii (")}“(T) l (D.20)

Thus, the desired result is given by

A A Ao T 1
BIDIIQC]_ = —-/0 eA(T-")BICQeAQJdS [ Tll (7;)-}.12(7')
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=~ ([0 I]etr—et[o0 1 ])[T‘-‘l@f”(”], (D.21)

which gives
BiD3QC = Toa(7) = Tar (7)Y () Taz(7) — €. (D.22)
D.2.4 Explicit formula for C’f@f)m

First, we must compute the first composite operator

A a T 0 /7 ag(r-s ? A(s-r
(QDy3)(t) = Cq {—eAQ‘[ "0(") 0] /0 e4e(m=) B, /o A" drByds
t 8
+ /0 etelt=2) BaCy [) eA(“’)dngds}
+DgC1¥(t)B, + /0 g(t, s)dsDrz
'r-l 0 T T -
=Cq {—e"‘?'l ,10(1') 0]/0 [) e4e(m=2) By C1e**=")1(s — r)Bydsdr
+ [ [ ettt BaCreAt=n Byt - s)1(s - r)dsdr}
o Jo
=1 T t
—Cq {eAq! [ Th(r) 8 J[) eAQ(r=7) gy, _/0 eAq(t-r)d,.} BgDy;

0
+Dq D1z + Do C1¥(t) B,

-1 r
- CQ {_GAQ! [ TIIO(T) g ] L eAQ‘T (e—Aqa [ 2 ] eAa)
toaot (onge] 0] an\[
+[) eflQt { e™fQ I e )
T_l 0 T T—r ¢ -r
-Cq {eAQt l 110(7') 0 ]/0 eAar=")dy —/0 eAalt )dr} BqD,

+DqDyas + DgCy1¥(t)B;, (D.23)

T

e"‘"Bzdr

r

C_Angd’I‘}




174

which, after some algebra, gives

A a -1 r
(@Dh2)(t) =Cq {eAqt [ TuO(T) g ]L eAQT=1) g _ /t eAQ("")dr} Bo

0

+DgDya. (D.24)

Now, we can write

AL A A LA T -1
Ci@Du= [t ‘dtC{Dan-i-{ [ et ‘c;chAqfdt[T"O(T) 3]4'(7)

- eA°‘C{'CQeA°(“')1(t—r)dtdr} Bg
T [ Tl—ll(T) 0 ] q)(r)

0 0 0
= [ [ evciCoetetate=4emdr} B
b Jr 1YQ € TroQ

= ¥*(r)C; De D1z + { (e** [ I 0]ete)

= U (r)Ci DDy + {eA [ I 0] &(r)— [ TE'(r) 0] &(r)
—e*7 [ 1 0] -/ore"q("')dr} Bq. (D.25)
So, we have
C1QD1 = —Ti (1) [ Bu(r) @u(r) | Be. (D.26)
D.2.5 Explicit formula for ﬁf2Q1§12

The derivation of this one is a bit more subtle and involved than the preceding ones,

so we will give a little more detail at the outset. By definition we have
D3QD1a = [ () QD) )t
T t . A A
- [ {B; [ e e-nascy + D;‘z} (QDrz)(t)dt. (D.27)
0

Let Dy := 7 D},(QD1a)(t)dt. Then, using (D.24), we have
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o Tii(r) 0
T pt T
- e"‘?("')drdt} Bq+ [ DiyDg D
-1
= D},Cq {(P(r) [ u(r) 2 l &(r) Q('r)} Bo+7D},DeD..  (D.28)

Now, using (D.24), we can write

D2,0D1y = Dia + B; /o " *(t)dtC:Dg Dia
+B; [ e [ eA"1CiCqeratatds [ 1 (r) 0 } (r)Bq
-B; ./07 [- e"""/: eA"'CyCoetet1(t — 3)1(t — r)dte~49"drdsBg
=D+ B} fo " ()dtC: Do Dz
+B; jo T4t (e[ 1 0]ete!)| ds [ Tii(r) 0 I ®(7)Bq
_B; /(;T L‘r e._A-. (eAOt [ 10 ]eAqt)l:V,e-Aqrdrd‘gBQ
=Dy + B} /0 " ()dtC: Do D2
+8; [ X =0ds[ 1 0] 1(r) [ Tii(r) 0 ] (r)Bq
-B;[1 0] )lT"( ™) g]@(r)Bq
-B; _[} eA'("")ds[ I0 ] /0 eAelr")drB,

+B; _/r /f g=A%eA (V) [ I0 ] AV e=4erdrdsBy. (D.29)

Noting that [I O]T()[T“(T) 0]-[[ 0] we have
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o n _ -
D3,QDy; = Dyy — B; [ ®13(1) ®19(7) ] [ n(r) 0 ] &(r)Bq
+B; [ 1 0] [" ["ex=drdsBq + B; [ w(t)dtCiDoDra. (D.30)

Thus, after some algebra, we have

bruba = 85 58] {ee)| T 0] ar)-am} s

+T.D;2DQDH. (D31)
D.2.6 Explicit formula for Blﬁfléﬁlz
The derivation of the last composite operator is even more involved.

Define Dy (t) := J7 D} (QD1a)(t)8(s — t)ds = D3, (QD12)(t), which gives

T t o(ter
Dn(t) = D;,Cq {eAQ‘[ “0(’) g]cb(r)- /0 eAalt )dr} Bg + Dy DgDy,. (D.32)

Using this definition, we have

(D1:QDu)(#) = Pu(t) + B; [ *0~0dsC; Do Dy

T -1
+B; {e—A't'/t‘ eA‘ac;quAqsds [ Tll (T) g ] (D(T)

0

_ T oA [T A's e Ags —Agr

Le ftvre C;Cqe”9*dse dr}BQ
=Dy (t) + B! f " A" ~045Cr Do Dy

+BeA Y [ I 0 ]T( )[Tu (1)

o o
_B;[ I 0]etet [ T (7) ] o(r)Bq

~Biet" -0 1 0] 0(r)Bg
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+Bre A jo "eAUVI[ 1 0] eAatVredandnBy. (D.33)
After making cancellations, as in the previous subsection, we have
-1
(D5,@D12)(t) = Du(t) - By [ I 0 ] et [ THO(T) g ] ®(7)Bq
. * Aglt-r)
+B;[ 1 0] [ e*et-drBg. (D34)
Once again omitting the algebra, we have
Al A n t -1
(B@Da)) = Co [ et~ et | THO) o) g
+D},DgDyz. (D.35)
Now, we can compute the final desired composite operator
B.D},QDu = [ " AT / " =4 B,CoeAatdse 49" drBq
0 r
e [T s . ToHr) 0
—ef L e~4* B,Cqe”? ds[ "0( ) 0 ] o(7)Bg
+ /0 ¢**dsB, D% Do Dy
=[0 I]tb(qu—\Il('r)[O 18
{ 01 ] T(r) [ Ti () 0 l &(r)Bq + ¥(7)B1D}y Dg Dra. (D.36)

Thus, we have

. AR o (7) = T (7)Y () B (T !
uQDn=[§¢22§T§_Tﬂg;Tﬁlg}q,ugrgg] Bo-U(r)B. (D7)

D.3 Summary of proof
The proof is essentially complete. All that remains is to plug the expressions for

the above operators into the discrete-time equivalent system representation given in

Theorem 5.5.1 and do a little arithmetic.
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